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PREFACE 


The material contained in this book has been presented regularly 
at Hunter College for the past ten years as a first course in Higher 
Algebra for students who have completed the introductory courses 
in the Calculus. . 

I have made every effort to Introduce to the student the. spirit 
of modem algebra, avoiding^ however, the emphasis on formaliza- 
tion. The concept of a field dominates the entire work. This 
concept serves as a great unifying and classifying principle which 
links together the various topics and makes the Theory of Equa- 
tions a connected body of doctrine rather than a disjointed set of 
propositions. I have, however, made no attempt to cultivate all 
types of fields after the manner of the great work of Steinitz. I 
have confined myself to fields of characteristic zero and have 
emphasized particularly those fields which the student for whom 
this book' is designed is equipped to study. At the same time I 
have anticipated the future needs of the student and the require- 
ments of the more advanced student who should have little diffi- 
culty and considerable pleasure in discovering fqr Jhimself, by an 
examination of the proofs in the text, to what extent the theorems 
may be extended to other fields. 

The exercises are an essential - part of the course. Some are 
drill problems, but others will tax the ingenuity of the best students. 
The miscellaneous exercises at the end of the book are provided 
for further instruction and entertainment. 

The book has been used at various times in mimeographed form 
by my colleagues Professor Marguerite D. Darkow, Professor 
Mina S. Rees, and Professor Anne Marie Whelan. I am grateful 
for their helpful suggestions and constructive criticisms. 

Louis Weisner 

New York City 
July, 1938 
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INTRODUCTION TO THE THEORY 
OF EQUATIONS 

CHAPTER I 

COMPLEX NUMBERS 

1. Definitions. Operations with complex numbers. Complex 
numbers arose historically in an effort to solve algebraic equations 
like 

z 2 + 1 = 0, 

z 4 + 3z 2 + 1 = 0, 

which obviously have no real roots. It was found necessary to in- 
vent a new number i = which, when combined with real 

numbers, yielded numbers of the form a + hi, where a and b are 
real numbers. The formal laws of Algebra were assumed to be 
valid. for these complex numbers and the subject developed from 
that point of view. 

We prefer to define the complex number system in terms of the 
real number system, with which it is assumed that the reader is 
acquainted. If a and b are real numbers the symbol (a, b) repre- 
sents an ordered pair of real numbers; that is, a pair of real num- 
bers in which order is essential, so that the symbols (a, b) and (b, a ) 
are distinct unless a = b. Moreover, 

(la) (a, 6) = (c, d) 
if, and only if 

(lb) a = c and b = d 

Various rules of combination of ordered pairs of real numbers may 
be, and have been, devised, leading to various algebras of ordered 
pairs of real numbers, different from one another, but each self- 
consistent. The complex number system is one of these algebras. 
The complex number system is the set of all ordered pairs of real 

1 



2 COMPLEX NUMBERS [ Ch. I 

numbers when these ordered pairs are combined according to the 
rules stated below. 

It is convenient at the outset to introduce a special notation 
for complex numbers. The ordered pair of real numbers (a, b), 
regarded as a. complex number, is written a- + bi. The symbol i 
which occurs in this notation is employed to separate the numbers 
a and b. a is called the real, and b the imaginary , part of the com- 
plex number a + hi. It follows from (1) that two complex numbers 
are equal if and only if their real parts are equal and their imaginary 
parts are equal. 

The complex number a + 0 i is denoted by a and may, in prac- 
tice, be identified with the real number a without danger of con- 
fusion. In particular 0 — 0 + Of and 1 = 1 + Of are the zero and 
the unit respectively of the complex number system. The complex 
number 0 + hi, (b 0), is denoted by bi and is called a pure 
imaginary number. In particular i = 0 + 1 i is called the imaginary 
unit. 

Addition of complex numbers is defined by ' 

(2) , (a + bi) + (c + di) - (a + c) + (b + d)u 

The symbol a — bi is defined by 

a — bi = a + (— b)i 

and hence denotes a complex number. The complex number 
—a — bi is called the negative of a + bi because, as a consequence 
of the preceding definitions, 

(a + bi) + (—a — bi) — 0. 

Following a standard notation, the negative of a + bi is written 
— (a + bi) ; hence 

— (a + bi) = — a — bi. . 

Subtraction of complex numbers is defined by 

(3) (a + bi) - (c + di) = (a + W).+ (— (c -f di)). 

The right member is easily reduced to (a — c) + (b — d)i. 
Multiplication of complex numbers is defined by 

; W (<* + bi) X (c + di) = (ac — bd) + {ad bc)i. 

(As usual, multiplication will be indicated by a cross, a dot, or by 
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mere juxtaposition of the factors.) In particular 
(5) i 2 = i X i — — 1. 

With this in mind, the product of two complex numbers may be 
evaluated by expanding the product according to the formal rules 
of Algebra and replacing i 2 by —1. Let the student apply this 
method to the left member of (4). Because of (5), i is frequently 
called the square root of — 1 : z = V — L However, — i is also a 
square root of —1 since (—t) X (— i) = —I by (4): 

The complex number a — bi is called the conjugate imaginary , 
or merely the conjugate, of a + bi; hence a + bi is the conjugate of 
a — bi. By (4) 

(a + bf)(a - bi) = a 2 + b\ 

which equals 0 if a = b = 0, but is a positive real number other- 
wise. The positive square root of this product (or 0 when a = b 
= 0) is called the modulus or the absolute value of a + bi and is 
written | a + bi | ; thus 

| 0 | = 0; j a + bi | = +Va 2 + b 2 , (o + bi 0). 

We readily verify that 

(a >+ i) = 1, (a + bi * 0), 

and therefore call the second factor of the left member the reciprocal 
of the first. Every complex number different from 0 has a recipro- 
cal. The usual notation is employed for the reciprocal of a complex 
number; thus 

a + hi a 2 + b 2 a 2 + 6 2 
Division of complex numbers is defined by 

< 6 > “ + 3-(. + , »')Xj T3 , <c-M»*0). 

The ratio may be most conveniently simplified in practice . by 
multiplying the numerator and denominator by the conjugate of 
the denominator (see Ex. 18 below) ; thus 

2 — 3f (2 - 30(1 - 4 -t) -10 - lli 10 11 . 

1 + 4 i (1 + 4i)(l — 4i) ■ 17 17 17*' 
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4 COMPLEX NUMBERS 

The powers of a complex number are defined as usual: 
a 1 = a, a 2 = aXa, a 3 = a 2 X a, • • * , <*« = ^ a 

where a is a complex number* With the conventions 

a ° = !> a ~" = *'»> (« 5* 0), 

the laws of exponents 

a m X ot n = a m+n 9 a m + a n = a m ~ n , (a m ) n 

are readily established (see Ex. 13 below). 

Other properties of complex numbers will be found among the 
subjoined exercises. The student who wishes to understand what 
he is doing should note carefully which of the preceding conven- 
tions is applied at each step of the demonstration. 


EXERCISES 


The Greek letters denote complex numbers. 

.1. Simplify 


(a) i + 3(1 - i ). 

(b) (V2 + iV3) - (V3-tV 2). 

(c) (a + hi) + (a — it). 

2. Simplify 


(d) (a + it) — (a — hi). 

(e) (1+40(2 30. 

(0 (l+O 2 . 


(a) (2 - »)(1 - 20. 


(b) (2V5-tV3)(-V3+4tV5). 

(c) — iV2(— 3V6 — 5t’V2). 


3. Simplify 

(a) 

V7 + tVlO 

(b) i\ 

(c) i 4 . 

4. Simplify 
(a) 

■ ’ (3 - 4t) 2 


(d) 


-3 + 4t 

1 - 2t 


(e) 1 -r- t. 

m (2 + 3t) (5 — 7t) 
(3 - 20^4+7) ' 


(d) (1 + 0*'+ (1 - t) 3 . 

(e) (3 - 2t) 4 . 

(0 ( V§ + t\5) 3 . 

(d) 


(b) (-V2 + tV3) 4 . 

l-l + U(1 - 2Q‘ 


(e) 


(2 + 5t) 2 


(f) (a + it) 3 + (a - it) 3 . 
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5. Show that u is the only complex number which equals its negative. 

6. Show that | a + bi | — | a — hi |. 

7. Show that a , — a , ia, and —ia have the same absolute values. 

8. Show that | aP | = [ a 1 1 P | . 

9* Show that 

(a) 0 4- ot = a. (c) 1 X a — a, 

(b) 0 X a = 0. (d) 

10. Show that a + (3 = $ + a (Commutative law of addition). 

11. Show that ap — pa (Commutative law of multiplication). 

12. Show that (a + ft) -f y — a + (/3 + 7) (Associative law of addition). 

13. Show that (afi)y — a(Py) (Associative law of multiplication)* 

14. Show that a(P +7) ~ap ay (Distributive law). 

15. Show that it a p — a ^y, then P ~y (Cancellation law). 

16. Show that if aP = ay, and a 7 * 0 , then P ~y (Cancellation law). 

17. Show that |x| - ^ $ 7 * 0 , 87 * 0). 

18. Show that ~ $ 7 * 0,y 7 * 0 ). 

Py P 

19. Show that the product of two or more complex numbers cannot 
vanish unless at least one of the factors vanishes. 

2. Graphical representation of complex numbers. Addition. 

The reader will recall that the fundamental concept of Analytic 
Geometry is that of representing points in a plane by ordered pairs 
of real numbers (coordinates), so that to each point there corre- 
sponds an ordered pair of real numbers, and vice versa. We have 
seen that a complex number is essen- 
tially an ordered pair of real num- 
bers. Hence complex numbers may 
be represented by the points of a 
plane. 

The complex number z — x + yi 
is represented graphically by the 
point whose coordinates are (x, y ) 
with respect to a pair of rectangular 
axes in a plane. For example, the 
complex numbers 1 + 2 i, — 1 + 2 i, “ 

— 1 — 2t, 1 — 2 i are represented 
by the points (1, 2), (-1, 2), (-1, Fig. i 

—2), (1, —2) respectively. 

The :r-axis is called the axis of reals , as the points on it represent 
only real numbers; while the y-axis is called -the axis of imaginaries, 
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as the points o.n it represent only pure imaginary numbers. The 
terms complex number and point are used interchangeably. 

' It is readily proved with the aid of the preceding figure that the 
point 2 1 + 22 is the vertex opposite 0 of the parallelogram which 
has three of its vertices at 0, and z 2 . 

To subtract z 2 from z x graphically, add z x and — z 2 as suggested 
by the figure. 

EXERCISES 

1. Locate the points representing the following complex ^numbers: 

1, _-l, J, -i, U ~ l + iV3), |(-1-W3), i(V2 + W2), 

J(V2 — iV2). Show that these points lie on the unit circle (a circle of 
radius 1 with center at the origin). 

2. What is the geometric relation between a complex number and 
(a) its negative? (b) its conjugate? 

3. What is the geometric relation between the points z and Jcz, where h 
is a real number? 

4. How are two complex numbers to be added graphically if the line 
joining them passes through the origin? Distinguish two cases. 

5. Justify the following construction for the point z x — z 2 : Draw a line 
from z 2 to zu From the origin draw a parallel and equal line pointing in the 
same direction. Its endpoint is zi — z 2 . 

6. Perform the indicated operations graphically: _ 

(1 + i) + (2 + 3i), (-2 + i) + (3 + i), (V3 -i) - (V? - iV 2), 

(2 + 2 i) + (1 - 2i), (-1 - i) - (3 + i ), (3 + 2 i) + (6 + 4i), 

(1 - 2i) - (2 - 40, 3 + (-5 - 40, -4i - (-2 - 60, -1 - (5 + 1). 

7. Show that the distance from the point z tojbhe origin is | z | . 

8. Show that the distance between the points Zi and £,is | z x — z% |. 

9. Show graphically that | z l + z 2 1 £ \z x \ + \ z 2 \. Generalize. 

10. Show graphically that | Zi — z 2 1 1 1 h | | z 1 (. 

11. Show that the points 

a -f bi, a — bi } — a -j- bi, —a — bi, ib 9 * 0) 
are the vertices of a rectangle. 

12. Show that the midpoint of the line joining the points z x and z 2 is 
i(2i -f Zz). 

13. Show that the centroid (point of intersection of the medians) of 
the triangle whose vertices are z h z%, and z 3 is i(z x ~b z 2 + 23 ). 

3. Polar form of a complex number. Multiplication. A point in 
a plane may be represented by its polar coordinates (r, 0) as well as 
by its cartesian coordinates ( x } y). In dealing with polar coordinates 
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it should be borne in mind that the pairs of numbers 

(r, 9 4- 2 kw), (k = 0, =*=1, ±2, . . , ) 

all represent the same point. We shall take r > 0. The relations 
between rectangular and polar coordinates are (see Fig. 2) 

x = r cos 0, y = r sin0, 

r=vFT? 0 = arc tan -• 

x 

The complex number z - x + yi may now be written 
z = r(cos 0 + i sin 8), 

which is knowings its polar or trigonometric form. The number r 
has already been defined as the modulus or absolute value of 2 It 
is the geometric distance from the 
point 2 to the origin and is positive 
if 2 7 ^ 0. The angle 8 is> called the 
argument or amplitude of z, we write 
9 = am z. The amplitude of every 
complex number (except 0, which has 
no amplitude) is multiple- valued, its 
various values differing by integral 
multiples of 2rr. While any one of 
these values 'may be taken as the 
amplitude, preference is frequently given to that value which lies 
between 0 (inclusive) and 2x (exclusive).' In any case, two complex 
numbers are equal if, and only if, their moduli are equal and their 
amplitudes differ by an integral multiple of 2w. 

The polar form of a complex number is convenient for purposes 
of multiplication or division. The product of the complex numbers 

z i = n (cos 9 1 + i sin 9i), 



is 


z% = r 2 (cos 6 2 + i sin 9 2 ) 


ZiZj - nr 2 [cos 01 cos 02 - sin 8 l sin 0 2 + i (sin' B 1 cos 0 2 + cos 0 2 sin 0 2 )] 
= rir 2 [cos (0i + 0 2 ) + i sin (0i -f dff], 

which is the polar form of 2 ^. Therefore m and 0i + 0a are the 
modulus and amplitude respectively of z L z 2 . Hence 

I ** | = | * 1 1| 2 * I, am (z x z 2 ) = am z x + am z*. 
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The modulus of the product of two complex numbers equals the 
product of their moduli; and the amplitude of the product of two com- 
plex numbers equals the sum of their amplitudes. This theorem tells 
us how to’ multiply two complex numbers graphically. 

In a similar manner we find that 


Hence 


- 1 = - [bos (ft - ft ) + i sin (ft - ft)]. 
22 ?2 


Ijl 

I Z2 




am Zi — am z 2 . 


EXERCISES 

1. Plot the following complex numbers and write each of them in the 
polar form, obtaining the modulus and the amplitude directly from the 
figure: l, —I, 3, —5, 4 i, —Si, —1 + iylZ, V3 — i, — V2 — iV2, 
^(V2 4 iV 2), cos 25° — i sin 25°, 4(cos 130° — i sin 130°), ' sin 40° 
4 i cos 40°, —5 (cos 52° 4 i sin 52°) . 

2. Plot the following complex numbers and write each of them in the 
polar form, obtaining the modulus from the figure and the amplitude with 
the aid of trigonometric tables: 1 4 2i, 3 — 4£, -5 4- 12i, —1 — tV 2. 

3. What is the locus of a point which has (a) a given absolute value? 
(b) a given amplitude? 

4 . Simplify, leaving the results in the polar form: 

(a) [3(cos 10° + i sin 10°)][V2(cos 58° 4- i sin 58°)]. 

(b) (cos j 4- t sin (cos ^ 4 t sin 0 • 

, x (cos 22° + i sin 22°) [5 (cos 137° 4 - 1 sin 137°)] 

W [2 (cos 218° 4- i sin 218°)](cos 98° 4 i sin 98°) * 

5. Show that the points z , iz, —z, and —iz are the vertices of a square 
whose center is 0. 

6. Multiply algebraically and graphically: 

(a) i by 1 — W3), 

(b) £(V2 4 iV2) by — 1 4 tV 3). 

(c) i(V§ 4 t) by 3 — 4i. 

7. Divide algebraically and graphically: 

(a) 2 + iby-i- 

(b) —5 4 4t by t. _ 

(c) — t by £(1 — W3). 

8. Show that the reciprocal of cos 9 4 i sin 6 is cos & — i sin 0. 
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9. Under what circumstances are the conjugate and the d| 

a complex number equal? 

•ia 1 + cos 0 ,-f i sin 6 * . . . n 

10- Show that — — — . = cos 8 + t sin 9 

1 + cos 6 — i sin 6 

4. Demoivre’s Theorem. From the relation 
am ( 2122 ) = am z x 4- am 22 , 
we readily infer that 

am (2122 * * • 2 n ) = am z x + am 22 + * • + am z n ; 

or 

(cos 6 1 + i sin 0i) (cos d 2 4* i sin 62) * * * (cos 0 n + i sin 8 n ) 

= cos (0i + 0 2 + • * * + 0 n ) + i sin (0i + 0 2 + * * * + 0«)* 

Taking 6 ~ 0 X = 0 2 = * * * * = 0 n , we obtain 

(cos 0 + i sin 0) n = cos n0 + £ sin n0, 

where n is any positive integer. This result is known as Demoivre’s 
Theorem . This theorem is of great importance in problems dealing 
with powers or roots of complex numbers. Many useful relations 
among trigonometric functions may be derived from it. 

Example 1. Evaluate ( — 1 — i) is . 

Employing the polar form we have — 1 — i = V2(eos 225° 
+ i sin 225°). Hence 

(-1 - i) 15 = 2^(cos 225° + i sin 225°) 15 
= 2^ (cos 3375° + i sin 3375°) 

= 2^ (cos 135° + i sin 135°) 

= 2^(-^ + ^)= 2’(-l + a = -128 + 128*. 

Example 2. Deduce two trigonometric identities from the alge- 
braic identity 

1 +* + **+ + 2"- 1 = 

by substituting z = cos 0 + i sin 0. 

Making the substitution, we have after employing Demoivre’s 
Theorem, 

1 + cos 0 + i sin 0 + cos 20 + i sin 20 + • • * + cos (n —1)0 

+ tsin(n— 1)0 
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1 — cos fiB — i sin nB 

~ 1 — cos 0 — i $in 0 
~ 2 sin 2 jnB — 2a sin jnd cos jgzfl 
~~ 2 sin 2 $6 — sin -J0 cos -§0 

__ s in jnB sin jnB — f cos jnB 
~~ sin £0 sin — i cos £0 
— s * n i 71 ® — ^(cos jm0 + i sin jnB) 

~~ sin ^0 — i(e os £0 + i sin £0) 

= ^ [c°s i(» — 1)0 + t sin i(n - 1)6]. 
sm 

Equating real and imaginary parts, we have 

1 + cos0 + cos 20 -K • • •+cos(n-l)0 = g - in - ^ cos tl W 

sm £0 

sin0 + sin 20 + * • • + sin(n — 1)0 = ~ ^ 

sin -jjtf 

EXERCISES 

1. Prove that (cos 6 — i sin d) n = cos nB — i sin nB. 

2. Prove Demoivre’s Theorem for negative integral values of the 
exponent. 

3. Show that i n * cos ™ 4* i sin 

4. Show that (1 -M) n ~ 2^cos -j* -f- i sin . Deduce two relations 

among binomial coefficients by equating real and imaginary parts. 

6. Evaluate 

(a) (1 + 1 )». (c) (~) _U - (e) (- V3 - 3i)~ 5 . 

' V ' •*’ 

(b) (V3 + i)“. (d) (3 — iV3) 8 . (f) ( =1 - ^ W3 )~ 7 - 

6. Express sin 30 and cos 30 in terms of sin 0 and cos 0 by expanding 
the right member of the identity 

cos 30 + i sin 30 = (cos 0 4* i sin 0) 3 
by the binomial theorem. 

7. Express similarly sin 40 and cos 40 in terms of sin 0 and cos 0. 

8. (a) Show that 

2 cos £0(cos £0 *4" i sin £0) ~ 1 -f- (cos 0 -f- i sin 0). 

(b) Raise both members of this identity to the nth power, and 
deduce that 


- 1)0 
, 

~ 1)0 
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1 + (l) cos 6 + G0 cos 29 + • • • + (”)cos nB = (2 cos i$) n cos \rS, 
(l) sm 6 + + ' • ' + (fysmrti = (2 cos %e) n sin ^nB, 

where 

^ = «(» - 1) • • • (n - r + 1) 

9. Substitute z — cog 6 -1- i sin d in the identity 

S + *3 + + . . . + Z l*-l = Z ~ Z ^ + \ 

1 — 3 2 

and deduce that 

cos (9 + cos 39 +-••• + cos (2m - 1)0 = s ~ - 2n f , 

2 sm 6 

sin 0 + sin 30 + • - - + sin (2n - 1)0 = 

sm0 

10. Expand (x + yi)» and show, by equating the moduli of both mem- 
bers, that 

<«■ + y'r - [i* - (5)*-v + (J)*-v ]’ 

+[©*"» -6>-v+(;>-v — ]■• 


5. Roots of unity, A root of unity is a complex number some 
power of which equals 1. An nth root of unity is a complex number 
whose nth power equals 1. If r(cos 6 + i sin d) is an nth root of 
unity, 

r n (cos 6 + i sin 6) n = 1 ; 
or, by Demoivre’s Theorem, 

r tt (eos nS + i sin rS) = 1. 

Now the modulus and amplitude of the complex number 1 are I 
and 0 respectively, and two complex numbers are equal if, and 
only if, their moduli are equal and their amplitudes differ by an 
integral multiple of 2x. Therefore 


r — 1, 


2 hr 

, 

n 


k being an integer. All the nth roots of unity are therefore included 
among the complex numbers 


( 1 ) 


2h r . . 2kir 

cos t sm , 

n n 1 


Qc = 0, ±1, ±2, • • • ), 
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which are- infinite in number but are not all different. However, 
those nth roots of unity which are included among the complex 
numbers 


2k7r . . . 2 kir 

cos b t sm — , 

n n 


(* - 0, 1, 


, 71 ~ 1 ), 


are certainly distinct as their amplitudes are different and all lie 
between 0 (inclusive) and 2ir (exclusive). 

To show that all the nth roots of unity are included in (2), we 
divide the k of (1) by n, obtaining quotient q and a remainder r 
satisfying the relation 

k = qn + r, (0 < r < n). 


2 hr . . . 2 hr 

cos b i sm 

n n 


cos ( 2 qir + : 


rr\ , . . /, 
- ) + i sm I : 


2qir + : 


2rir . . . 2ttt 

— cos b i sm f 

n n 


Which is included in (2). The distinct numbers of the set (1) are 
therefore those of (2). By Demoivre's Theorem the nth power of 
every number of the set (2) equals 1. We conclude that there are 
n distinct qth roots of unity , all of which are given , without repetition , 
by (2). 

Denoting by e that nth root of unity obtained by taking k = 1 in 

(2) ; that is, 

/ox 2 tt , . . 2ir 

(3) e = cos b i sm — > 

w n n 

we have, by Demoivre's Theorem, 

b 2krr , . . 2Jnr 

(4) €* cos + i sm > 

v J n n 

where k is any integer. The nth roots of unity are powers of e, the 
distinct nth roots of unity being 

( 6 ) 1 , 

Since | «* | = 1, the points representing the nth roots of unity lie 
on the unit circle. When the points 

1> «, , e" -1 . 1 
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are joined in order by straight lines, a regular polygon of n sides is 
obtained; for the amplitude of 


is 2ir/n, so that the chord joining the points e k ~ l and e k subtends 
an angle of 2 ir In at the origin. 

Fig. 3 exhibits the three cube roots of unity, which are 

cos 0 H~ i sin 0 — 1, 

cos 120° + i sin 120° = *(-1 + *V3), 

cos 240° + % sin 240° = 1 “ *V3). 


e a 




Fig. 4 exhibits the eight 8th roots of unity, which are 


cos 0 + i sin 0 

cos 45° + i sin 45° 
cos 90° + i sin 90° 
cos 135° + i sin 135° 
cos 180° + i sin 180° 
cos 225° + t sin 225° 
cos 270° + i sin 270° 
cos 315° + i sin 315° 


1 , __ 

*(V? + 2), 

h 

i(— V 2 -1- H 2), 

- 1 . _ . e _ 

iK — V2 — tV2), 

—h 

i(V2 - t"V2). 


EXERCISES 

1. Show directly from the definition of nth root of unity that 

(a) the product of two nth roots of unity is an nth root of unity. 

(b) the reciprocal of an nth root of unity is an nth root of unity. 

2 . Show that — 1 is an nth root of unity if and only if n is even. 
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3. Simplify i u , i 95 , f~ 22 , i“ 52 , i m0 . [Write the exponent in the form 
4 q + r, where r - 0,1, 2, or 3. Then i 4fl+r - i 4 V - f r , since i 4 * - 1J 

4. Show that £(1 + i n + i 2n + i 3n ) assumes the value 1 if n is divisible 
by 4, and the value 0 otherwise. 

5. What values does ~^(i n - i~~ n ) assume for integral values of n? 

6. Simplify g> 10 , to 71 , or 62 , or 86 , o> 16 , where co is an imaginary cube root of 
unity. 

7. What values does £(1 + co" + & 2n ) assume for integral values of n? 

8. Simplify e 19 , e“ 62 f e 91 , e 100 , e 42 , where e is an imaginary 5th root of 
unity. 

9. Show that the sum of the nth roots of unity is 0 if n ^ 2. [Use (5).] 

10. Show that if n > 2, the sum of the kth. powers of the nth roots of 
unity is n if k is divisible by n, and 0 otherwise. 

11. Show tb-t f'e product of all the nth roots of unity is + 1 if n is odd 
and —1 if n is even. [Use (5) and (4).] 

12. Show that if z is any complex number different from 0,. and 

e = cos “ + i sin — > (r, > 3), the points z, ez f c 2 z, ~ l z are the 

vertices of a regular polygon c ' n sides. 

- 13. Show that | 1 — e k | - 2 sin — • 



Fig. 5 


lfc. Plot the 4th, 6th, and 12th roots 
of unity, and express them in a form 
free from trigonometric functions. 

15. In Fig. 5, AC = BC = 1, 
AB = C D = BD = x, the angles being 
indicated in the figure. 

(a) Find the value of x with the 
aid of a pair of similar triangles. 

(b) Find cos 72° and sin 72°. 

(c) Plot the five 5th roots of 


unity and express them in terms of radicals. 


6. Primitive nth. roots of unity. An nth root of unity which is 
not also an rth root of unity (r < n) is called a primitive nth root 
of unity. 

Referring to the 8th roots of unity listed in § 5, we observe that 

1, — 1, i f and —i are also 4th roots of unity and hence are not 
primitive 8th roots of unity. With the notation e = cos 27r/8 

+ the primitive 8th roots.of unity are e, e 3 , <s 5 , .and e 7 * * , 

and each of these four exponents is prime to 8. On the other hand, 
t 2 = % and e 6 = —i are primitive 4th roots of unity and each of 
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these two exponents has the g.c.d. (greatest common divisor) 
2 with 8. These remarks serve to illustrate the following theorem. 
Theorem. If d is the g.c.d. of k and n, then e k is a 'primitive n/d th 

root of unity, where e cos — + i sin — * 

n n 


From the relation 


r 2r7T . . 

€ r = cos h i sm 

n 


2 nr , 
n 


we infer that e r — 1 when and only when r is divisible by n. This 
statement holds even when r — 0, as 0 is divisible by every integer 
except itself. 

With the notation stated in the theorem, 

^e^n/d = € kn{d — (^n^kfd J. . 

since e n = 1 and kjd is an integer. Therefore e k is certainly an n/dth 
root of unity, and it only remains to show that it is a primitive 
n/dth root of unity. 

Suppose that (e k ) r =1, (r ^ 0), so that e kr = 1. Then hr is 
divisible by n , and (jk/d) * r is divisible by n/d. Since d is the greatest 
common- divisor of k and n, kjd and r^ire relatively prime. Since 
(k/d) * r is divisible by n/d, and kjd and njd are relatively prime, 
r must be divisible by n/d. The smallest positive integer r for which 
(e k ) r = 1 is therefore r — n/d. We conclude that e fc is a primitive 
n/dth root of unity. 

Corollary 1. Of the n nth roots of unity 

— 1 * £ g n-l 

x > t i J c J 

the primitive nth roots of unity are those, and only those , whose ex- 
ponents are prime to n . 

For, in order that e k be a primitive nth root of unity, it is neces- 
sary and sufficient that the g.c.d. of k and n be 1. 

Corollary 2. If X is any primitive nth root of unity , and d is 
the g.c.d. of k and n , then \ k is a primitive n/d th root of unity. 

By Corollary 1, X = e l , where l is prime to n. Hence \ k = e kl . 
Since the g.c.d. of kl and n is the same as the g.c.d. of k and n, 
namely d, \ k is a primitive n/dth root of unity. 

EXERCISES 

1. Show that the reciprocal of a primitive nth root of unity is a primi- 
tive nth root of unity. 
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2. How many primitive nth roots of unity are there for n — 4, 5, 6, 

12,15,18,20? . 

3. How many primitive pth roots of unity are there if p is a prime 

number? How many primitive p*th roots of unity? ■ 

4. Show that if c is prime to n, the first n powers of e> are the distmct 
nth roots of unity; and that this is not the case if c is not prime to n. In 
other words, if X is an nth root of unity, the first n powers of X are the 
distmct nth roots of unity if, and only if, X is a primitive nth root of unity. 

5. Let e be a primitive 15th root of unity. 

(a) Which of the first 15 powers of « are primitive 15th roots of 


ULLllJ 1 , 0 

(b) Which are primitive 5th roots of unity? 

(c) Which are primitive cube roots of unity? 

(d) The only remaining 15th root of unity is 1 (a primitive first root 

° f Tciassify similarly the 9th roots of unity, placing the primitive dth 
roots of unity in the same class, where d - 1,3, and 9. 

7. Classify similarly the nth roots of unity for n = 6, 10, and 12. 

8. Show that all the dth roots of unity satisfy the equation x* - l 
(and hence are also nth roots of unity) if, and only if, d is a divisor of n. 

9. Show that the common roots of the equations 


x n — 1, x m = 1 


are the roots of x d = 1, where d is the g.c.d. of n and m. 

10. Show that if d h (hr • * , d r are the distinct positive divisors of n, 
including 1 and n, then the distinct primitive d,th roots of unity, where 
j = 1, 2, * * • , r, constitute, without repetition, the distinct nth roots 
of unity. Exercises 5, 6, and 7 furnish illustrations. 


7. Roots of complex numbers. A complex number 2 satisfying 
the equation z n = w, where w is a given complex number, is called 
an nth root of w. The only solution of the equation z n = 0 is 
z _ 0 s hall suppose hereafter, in treating the equation 

z n = w, that w 7 * 0. 

Writing w in the polar form w = p(cos <p + i sin <p), we have the 
equation 

z n a=* p( cos <p + i sin <p). 

If z = r(cos 6 + ism Q) is a root of this equation, 

r n (cos nd + i sin nB) = p(cos <p + i sin tp). 

Therefore, as the moduli of two equal complex numbers are equal 
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while their amplitudes differ by an integral multiple of 2t, 
nr n <P + 2&7T 

r = "p, B = > 

n 

where denotes the positive real nth root of p, and k is an integer. 
Conversely, by Demoivre's Theorem, if k is any integer, 

a - [cos(| + x) + ‘ + lF)] 

is an nth root of w. As in § 5, there are only n distinct nth roots of 
w, obtained by taking k — 0, 1, • • • , n — 1. Moreover, these 
roots are the vertices of a regular polygon of n sides inscribed in a 
circle whose radius is and whose 
center is 0. 

Example 1. Find the three cube 
roots of i(V2 + M2). 

We first write the number in the 
polar form: 

i(V2 + M2) = cos 45° + i sin 45°. 

In the adjacent figure this complex 
number is marked w. Trisecting the 
amplitude of w , the point z 0 is located 
on the unit circle. The other cube 
roots of w are found by adding 120° and 240° to the amplitude 
of zo. They are marked Zi and in the figure. This completes the 
graphical solution, which shows that the three roots are 

z 0 = cos 15° + i sin 15° J(V6 + V2) + | (V6 — V2), 

Zi = cos 135° + i sin 135° = £(— V2 + M2), 

a* = cos 255° + i sin 255° = — KV6 - V2) - | (Vg V2). 

Example 2. Find the five 5th roots of 3 + 4t. 

We find, with the aid of trigonometric tables that 

3 + 4d = 5 (cos 53° 7.8' + i sin 53° 7.8'). 

The modulus of each fifth root is ^5 = 1.3797. The amplitude of 
cqo 7 R f 

one fifth root is — 10° 37.5'. The amplitudes of the other 

5 

roots are obtained by adding 72°, 144°, 216°, and 288° to 10° 37.5'. 



Fig. 6 
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The required roots are therefore (to the indicated degree of ac- 
curacy) 

z 0 = U(cos 10° 37.5' + i sin 10° 37.5') 

= 1.3797098286 + .184380 = 1.3560 + ,2544*, 

Z\ = -?5(cos 82° 37.5' + i sin 82° 37.5') 

= 1.3797 (.12836 + .991740 = .1771 + 1.36830 

% = -^5 (cos 154^ 37.5' + i sin 154° 37.5') 

= 1.3797(-. 90352 + .428540 = - 1.2466 + .59130 
Z3 = ^5 (cos 226? 37.5' + i sin 226° 37.5') 

= 1*3797 (—.68677 - .726870 - - .9475 - 1.00290 
z 4 = ^5(cos 298P 37.5' + i sin 298° 37.5'), 

= 1.3797 (.47908 T .877770 = .6610 - 1.2111*. 

The fact that the sum of all the roots is 0 (see Ex. 2 below) serves 
as a useful che^k. 


EXERCISES 

1. If Zq is one root of the equation z n — w, (w 0), and € is a primitive 
nth root of unity, show that the other roots are z Q e } z 0 c 2 , ■ • • , z 0 e n ~\ 
(which are distinct by Ex. 4, p. 16). 

2. Show thsft the sum of the roots of the equation z n = w, (n > 2), 
is 0. 

3. Verify tKe theorem of Ex. 1 by showing that 

Zi = £(— 1 + W3)z 0 , z% = i(— 1 — W3)z 0 , 

where z 0 , zi, 2i ; are the results of Example 1 of the text. 

4. Find the square roots of i> — i, ^-(— V2 -f i‘V2), -J( — 1 — fV3), 

V3 + 3 — i&V 3. . 

5. Find real numbers A and B such that Va +* bi = A -f Bi, a + bi 
being a given complex number. 

6. Solve /the quadratic equation ■ 

ax 2 + bx + c = 0, (a ^ 0), 

by the method of completing the square, showing that the usual formula 
is valid if q, 5, and c are complex numbers. 

7. Solve the quadratic equations 

(a) x 2 + (1 - 2i)x + 1 - 7i = 0. Ans. x = 1 + 3f, -2 - L 

(b) »* - (6 + i)x + 5 4- 5i = 0. 

(c i x 2 - 2x -f 4 + U = 0. 

, (d) x 2 — 2ix — 10 = 0. 

8. Find the four 4th roots of 81, -25, i(-l - i*V3), -1 *f *V3, 
-i*16£ 
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9. Find the three cube roots of — 1, i, 

10. Solve 



1 — i } 2 -{- 2 i» 


(a) z 3 » 2 — 3 t, (b) z 4 - 5 f + 2iVl4,- 

by the method of Example 2. 

11. Show that the roots of the cubic equation 

(LqZ 3 -j- CCiZ 2 + Z + £13 = 0, (do 5*^ 0), 

are the vertices of an equilateral triangle if, and Only if 3aoa 2 — <Zi 2 : 0. 
^Transform the equation by the substitution z =1 z' — J 

12. Show that the roots of the equation 

z 4 + 4 iz z — 6z 2 — 4fz — i = 0 


are the vertices of a square. [Substitute z ~ z* — i\] 



CHAPTER II 


DIVISION AND FACTORIZATION OF POLYNOMIALS 
IN A FIELD 


8. Number-fields. A set of complex numbers is called a field, or, 
more specifically, a number-field, if the set contains at least two 
distinct numbers, and the sum, difference, product, and quotient 
of any two numbers of the set is in the set, division by 0 being 
always excluded. The numbers of the field are called its elements. 

Example 1. The rational numbers form a field; for the sum, 
difference, product, and quotient of any two rational numbers is a 
rational number. 

Example 2. The real numbers form a field. 

Example 3. The complex numbers form a field. 

Example 4. The numbers of the form a + 6V2, where a and 6 
range independently over the field of rational numbers, form a 
field: 


(fli + &W2) =*= (a* + &W2) = ai =*= + (&i * 62) V2; 

(ai + 6iV2)(aa + 62V2) = aiOj + 26162 + (<*162 + 0261) V2; 


1 a b 

a + 6V2 a 2 - 26 2 ~2b * V2 - 


Since V2 is an irrational number, a 2 — 26 2 ^ 0 unless a = b = 0. 
The reciprocal of every number of the set, except 0, is therefore in 
the set. Finally, 


fli + 6W2 

02 4” 62V2 


= (ai + 61V2) • 


1 

<h "h 2 


from which it follows that the quotient of two numbers of the set 
is in the set. 

Example 5. The numbers of the form a + 6^2 + cy/i, where 
a, b, and c range independently over the field of rational numbers, 
form a field. The only difficulty in proving this statement is in' 
showing that the reciprocal of any number of the set is in the set. 
For this purpose we form the cubic equatipn with rational coeffi- 
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cients, of which x = a + b-?2 + c-yl 4 is a root. We have, after 
transposing a and cubing both members, 

z z - Sax 2 + 3 a 2 x - a 3 = 2b 3 + 6b 2 c^2 + 6bc 2 ^4 + 4c 3 
= 2b 3 + 6bc(b-?2 + c^4) + 4c 3 
= 2b 3 + 6bc(a; — a) + 4c 3 . 

The required cubic equation is therefore 

x z — Sax 2 + (3a 2 — 6bc)x — (a 3 + 2b 3 +■ 4c 3 — 6 abc) = 0. 

If a 3 + 2b 3 + 4c 3 — 6 abc = 0, and x 0, then x satisfies the 
quadratic equation 

x 2 — 3ax + 3a 2 — 6bc = 0. 

Substituting in this equation 
x = a + b*?2 + c^4, 

^2 _ a 2 _|_ (2 c 1 + 2ab)*?2 + (b 2 + 2ac)^4, 

we have 


a 2 — 2bc + (2c 2 — ab)$2 + (b 2 — ac)^i<= 0. 

We shall prove later that y/2 does not satisfy a linear or quadratic 
equation with rational coefficients. Assuming this to be the case, 
we have 

a 2 — 2 be = 0, 2c 2 — ah — 0 , b 2 — ac — 0 . 

Eliminating c from the first and third of these equations, we have 
a 3 = 2b 3 , from which it follows that *? 2 is a rational number. 
This is not true. Therefore if x j* 0, a 3 + 2b 3 + 4c 3 — 6abc 0. 
Dividing the equation 

x z — Sax 2 + (3a 2 — 6 bc)x = a 3 + 2b 3 + 4c 3 — 6abc 

by x, etc., we obtain 

1 _ x 2 — Sax -f 3a 2 — 6bc 
x a 3 + 2b 4 + 4c 3 — 6abc 

We conclude that the reciprocal of every number of the set, except 
0, is in the set. 

It follows from the definition of field that any finite number of 
rational operations — the rational operations are addition, subtrac- 
tion, multiplication, and division — performed on a finite number 
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of numbers of a field yield a number which is in the field. This 
property is briefly expressed by the statement; a field is closed 
with respect to the rational operations. 

The symbol R(ai, a*, * ■ • ) denotes the smallest field containing 
the numbers a h (h, * * * * It consists of all numbers which can 
be obtained by performing a finite number of rational operation^ 
on the numbers ai, a 2 , * * • . The field is said to be generated by 
the numbers a h a 2 , • • • , which are called generators of the field. 

Example 6. The field 22(1), generated by the number 1, is the 
field of rational numbers. For, a field which contains 1 must also 
contain 

2 = 1 + 1, 3 = 2 + 1, ■ • , 

0 = 1 — 1, —1 = 0 — 1, —2 = 0 — 2, • * • . 

The field therefore contains every rational number and evidently 
contains no irrational number. 

Example 7. R (V2) is the field consisting of the numbers of the 
form a + W 2, where a and b are rational numbers. For, a field 
which contains V2 must also contain V2/V2 = 1. It therefore 

contains all the rational numbers (Example 6). The field also 

contains 6V 2, where b is any rational number, and therefore also 
a + feV2, where a and b are any rational numbers. No other 
numbers can be obtained by rational operations on V2. As the 
numbers of the form a + 6V2 form a field (Example 4), this field 
is the smallest which includes V2. 

EXERCISES 

1* Show that the following sets of numbers are not fields: 

(a) The integers 0, 1, 2, • • 

(b) The rational numbers 10,000. 

(c) Tlie numbers of the form &V 2, ( b rational). 

(d) 1, - t, if i* 

« 0. • 

(f) The numbers of the form a + W2 + cV3 + dVB, where 
a, 6, c, and d are rational numbers. 

(g) The numbers of the form a + 6^3, where a and b are rational 
numbers. 

2. What are the numbers of the following fields? 

\ (a) Rtf 2). (d) (g) R(i, V2). 

(b) Rtf. 5). (e) B(V 2, VS). (h) R(i, t'V 5). 

(c ) R{i). .(f) B(V2, V— 3). (i) .8(14). 
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3. Find the reciprocal of 

(a) 7 + 2-? 2. (b) 1 + -?3. (c) -?5 + $25. 

4. Simplify 

« 2+ !? (b> « 

1 + V3 1 + -?2 + ^4 

5. Show that every number-field contains all the rational numbers. 

6. Show that R(V2, V3) = i2(V 2, V6) — R(V 3, V6). (Naturally, two 
fields are said to be equal if they consist of the same n um bers.) 

7. Show that if a is an element of R(fi), then every element of R(a) is 
an element of RQ 3). 

8. Show that if a: is an element of R(fi), and jS is an element of R(a), 
then R(a) = R(J3). 

9. Show that V2 is not an element of R(V 3). [Show that an equation 
of the form V2 = a -j- &V3, where a and b are rational numbers, is 
impossible.] 

10. Show that f is not an element of R(V — 3). , 

9. Fields of rational functions; The function 

ai& n + a,\x n ~ l +_• - * + a n 4x + a n 
box” 1 + bix™* 1 + + + b m 

is called a rational function of x in a field R if the a’s and 6’s are 
elements of R and at least one of the b’s is different from 0. It is 
assumed that the reader is acquainted with the rules of combina- 
tion of rational functions. It is an immediate consequence of these 
rules that the set of all rational functions in a field is closed with 
Tespect to the rational operations; that is, the sum, difference, 
product, and quotient of two rational functions in a field are ra- 
tional functions in that field. For this reason the set of all rational 
functions of a variable x in a field R is called a field. This field is 
denoted by R(R, x) or by R{x). The elements of R are elements of 
R(x) and are called constants with respect to the field R(x). 

Similarly, the set of all rational functions, with coefficients in a 
field R, of several independent variables ®i, , x P not con- 

tained,^ R, form a field denoted by R(R, £i, 22 , • • • , x p ) or by 
R(x h 22 , * * * , x p ). 

The term field is applied to any class consisting of at least two 
elements, for which suitable definitions of the rational operations 
have been set up so that the formal rules of Algebra are valid (such 
as the comifiutative, associative, and distributive laws), and which 
is closed with respect to the rational operations as defined. While 
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we shall confine our attention in this book exclusively to number- 
fields,, fields of rational functions and certain other fields derived 
from these fields, it may interest the reader to know that other 
fields exist. There are fields whose elements are irrational functions 
of one or more variables, fields whose elements are themselves 
classes of numbers, fields whose elements are symbols which are 
combined according to certain formal rules % Should the reader 
become acquainted with such fields he will find that the theorems 
proved in this chapter, and many of the theorems proved in subse- 
quent chapters, are valid in all fields. 

10. Polynomials in a field. The function 

A(x) = a& n + aix 7 ‘”“ 1 + + On-ix + On 

is called a rational integral function or a polynomial in a field R if 
all its coefficients a 0 , • • • , On are elements of R and R does not 
include the variable x* Under the same circumstances A(x) =0 
is an equation in the field R. It will be noticed that A (x) involves 
no negative or fractional powers of x . 

If a Q 7* 0, the polynomial A (x) and the equation A(x) =0 are 
of degree n; a 0 is the leading coefficient and a n the final coefficient or 
constant term of the polynomial as well as of the equation. Every 
element of R, except 0, is a polynomial in R of degree 0. 0 is also 
a polynomial in R, but without any degree; it is called the zero- 
polynomial. The elements of R, regarded as polynomials, are 
called constants . 

Two polynomials are equal if they are identical; that is, if their 
degrees are equal, and coefficients of like powers of the variable are 
equal. 

If the equation A{x) = 0 is satisfied by x = a, a is a root of the 
polynomial A(x) and of the equation A (x) = 0. The root may or 
may not be an element of the field R. When R is a number-field 
the equation A (x) = 0 is called an algebraic equation . , 

The function of m > 2 variables 

F(xr, * v* jXm) = fo(Xij ♦ * * , Im-i)!/ +/l(Xi, • * * , x rn ^x)x m n ~ 1 
+ * * * • * • ,Xr»- 1 )x m + fn(x h * ’ - ,av-l) 

is called a rational integral function or a polynomial in a field R if 
the coefficients of the powers of Xm are polynomials in xi, * 

with coefficients in R. This is an example of a definition by 

* This means that R does not contain rational functions of a?. 
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induction. A polynomial in one variable having been defined, the 
preceding definition applies to a polynomial in two variables; now 
that we know the meaning of a polynomial in two variables, the 
definition applies to a polynomial in three variables; etc. 

If fo(x h * • • , aw-i) 5^ 0, 7i is the degree of F(x h * • * , Xm) in Zm- 
Since the terms of F(x i, * • • , x m ) may be arranged according to 
powers of any one of the variables x h • * • , x m , the polynomial 
has a degree in each of these variables. The polynomial also has a 
degree in all the variables. We may write the polynomial in the 
expanded form 

F(x ly , X m ) = Sc Qiai . . . gJCil'Zi*' * * * XmS 

where c qiQi . . . ^ 0 is an element of R. The degree of the 

monomial is + #2 + * * • q ». The degree of 

F(x i, * * • , Xm) in. all the variables is the largest of the integers 
Qi + £2 + • * * + q m - If qi + Q 2 + * * • + q m has the same 
value for each term of the expanded form of the polynomial, 
F(zi, - • • , Xm) is called a homogeneous function of x ly * • * , Xm. 

In the following sections we shall deal with a polynomial in one 
variable with coefficients in a field R. This field may be a number- 
field or a field of rational functions. In particular, the polynomial 
may be a function of several variables in which a special preroga- 
tive has been assigned to one of the variables. 

11. The division algorithm. Given two polynomials A(x) and 
B(x) 0, the reader knows how to divide the first by the second, 
the object of the division being to obtain a quotient Q(x) and a 
remainder S(x) satisfying the relation 

(1) A(x) = Q(x)B(x) + S(x); 

the remainder, if not 0, being a polynomial whose degree is less 
than that of the divisor B(x). If S(x) = 0, A(x) is divisible by 
B(x) and is a multiple of B (x); while B(x) is a divisor or & factor of 
A(x). It is not our intention to review the method of dividing one 
polynomial by another. There are, however, three important 
points relating to the division algorithm which must be empha- 
sized. 

First, the division algorithm involves only rational operations 
on the coefficients of the dividend and divisor. If , for example, the 
coefficients of the dividend and divisor are rational numbers, no 
irrational numbers can be introduced in the course of Jbhe. division; 
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the coefficients of the quotient and remainder are therefore also 
rational numbers. More generally, if the dividend and divisor are in 
a field R, so are the quotient and remainder. 

Secondly, the result of the division expressed by (1) is an alge- 
braic identity . (1) means that, on multiplying Q(x) by B(x) and 
adding S(x), where 3 is a variable , A(x) is obtained. Therefore 
(1) is satisfied by every complex number x and remains valid if a; is 
replaced by any function of x. An equation , however, is not satis- 
fied by every value of the unknown. For example, x % — 1 = 0 is 
an algebraic equation satisfied only by x = 1 and x — — 1; while 
x 2 — l ~ {x — l)(z + 1) is an algebraic identity. (Compare with 
the distinction between trigonometric equations like sin 6 = and 
trigonometric identities like sin 2 6 + cos 2 0 = 1.) 

Thirdly, the quotient and remainder are unique. For, suppose 
we also had 

A{x) = Q l (x)B(x) + &(*), 

where Qi(x) and Si(x) are polynomials and Si(x), if not 0, has a 
degree less than that of B{x). Subtracting this equation from (1), 
we have 

B(x)[Q(x) - Q 1 (x)] = Si(x) - S(x). 

If Q{x)*t* Qi(x), this equation involves an absurdity as the left 
member is a polynomial whose degree is greater than that of the 
right- member. “Therefore Q(x) = Qi(x) and S(x) = Si(x). 

The preceding results are summarized in the 
Theorem 1. If A(x) and B(x) 0 are polynomials in a field R, 
there exist two unique polynomials Q(x) and S(x) in R satisfying the 
algebraic identity in x 

A{x) = Q(x)B(x) + S( x). 

If S(x) 7 * 0, its degree is less than that of B(x). 


, EXERCISES 

1. Which of the following functions are polynomials? Which aw 
rational functions? 

(a) x\ 

(b) x- 3 . 

. 2x 


(d) 7. 

<«> s- 


(g) — fx 3 + -§z 2 

(h) x s - V3x-i. 


x + 8. 


(e) 


(0 


T s i c/.j _ 6(4 + l)x , t — 9 
3x + 2t > W X " 5<x i + 
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2. (a) Is the polynomial 3x — 3 a divisor of the polynomial x — I? 

(b) Is the polynomial ^ - § divisible by the polynomial 3? 

(c) Is the polynomial 3 a divisor of the polynomial 5? 

(d) Is the polynomial f divisible by the polynomial — 

■ (e) In the field R{t), is the polynomial t*x a divisor of the poly- 
nomial te 2 ? 

3. Show that if the product of two or more polynomials is the zero- 
polynomial, one of the faptors is the zero-polynomial. 

A Show that the degree of the product of two or more polynomials, 
none of which is the zero-polynomial, is equal to the sum of the degrees of 
the factors. - 

6. Show that if A, B, and C are polynomials, and 

AB = AC (At* 0), 

then B = C. 

6. Show that if each of two polynomials in R is divisible by the other, 
their ratio is an element of R different from zero. 

Definition; Two such polynomials are associates in R. 

7. Show that if A is divisible by B, and B is divisible by C, then A is 
divisible by C. 

8. Show that if D is a divisor of A and of B, then D is a divisor of 
VA + TJB, U and V being arbitrary polynomials. 

9. Prove the Remainder Theorem : The remainder obtained when the 
\ polynomial A(x) is divided by the ■ 'polynomial x — r is A(r), r being a con- 
stant . [Use Theorem 1, with B(x) = x — r.] 

10. Prove the Factor Theorem : The polynomial A(x) is divisible by Hie 
polynomial x — r if, and only if, A(r) — 0. 

11. Show that x* — y* is divisible by x — y. 

12. Show that x $ + y z + z 3 — 3 xyz is divisible by x -f y -f z* 

13. Show that xy n + y& + zx n ~ x»y — y n z — z^x is divisible by 
(x - y)(y - z)(z - x). 

12 . The Euclidean algorithm. Let Ai and A 2 t* 0 be two poly- 
nomials in a field R , and suppose the degree of Ai to be not less 
than that of A 2 , this supposition being merely a matter of notation. 
On dividing Ai by A 2 we obtain a quotient Qi and a remainder 
which is now denoted by A 3 . If A 3 7 ^ 0, its degree is less than that 
of A 2 . We may therefore divide A 2 by A 3 , obtaining a remainder 
A^ If Aa t* 0, we divide A 3 by Ac, etc. This process- (which con- 
sists in repeatedly dividing the last divisor employed by the last 
remainder obtained) must eventually terminate as the degrees of 
the polynomials A 2} A 3 , • • • are decreasing integers ^ 0. It 
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terminates when a zero remainder is obtained. We then have: 

Ax = Q1A2 + Aly 

A 2 = Q2A3 _+ A 4 , 

Ak~ 3 = QksAk-2 + Ak~ i) 

Ak~ 2 = Qk^Ak-i + Ak } 

Ak—i == Qk-iAk- 

This method of calculating the A ’$ and Q’s is called the Euclidean 
algorithm. All the A! s and Q’s are polynomials in R. 

In assuming, as we did, that the degree of A 1 was not less than 
that of A 2 , the case in which A\ = 0 was excluded. For complete- 
ness, the Euclidean algorithm of the polynomials Ai = 0 , A 2 5^ 0 
is defined to consist of the one step: 

0 = 0 a 2 . 

13 . Greatest common divisor and least common multiple. A 

polynomial which is a divisor of two or* more polynomials is a 
common divisor of these polynomials. A common divisor of two or 
more polynomials is called their greatest common divisor (g.c.d.) if 
it is divisible by every common divisor of these polynomials. Any 
associate (see definition, p. 27 , Ex. 6) of the g.c.d. of a set of poly- 
nomials is also their g.c.d. Two polynomials are relatively 'prime if 
their g.c.d. is 1. 

A polynomial which is a multiple of two or more polynomials is 
a common multiple of these polynomials. A common multiple of 
two or more polynomials is called their least common multiple 
(Le.m.) if it is a divisor of every common multiple of these poly- 
nomials. Any associate of the l.c.m. of a set of polynomials is also 
their l.c.m. 

Theorem 2 . The g.c.d. of two polynomials , at least one of which is 
not 0, is the last divisor employed in the Euclidean algorithm of the 
two polynomials. 

Let Ax and A 2 be two polynomials, neither of which is the zero- 
polynomial, and suppose the degree of A 1 to be not less than that 
of A 2 . With the notation of § 12, A k is the g.c.d. of Ax and A 2 . For 
the last equation of the Euclidean algorithm of these polynomials 
asserts that Ah is a divisor of Ak- 1. From the next to the last 
equation we infer that, as A k is a divisor of A k and of AU, A* is a 
divisor of Ah— 2. From the immediately preceding equation we 
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infer that A k is a divisor of etc. We conclude that A k is a 
common divisor of Ai and A 2 . 

From the first equation it is evident that, if 0 is a common 
divisor of Ai and A 2 , C is a divisor of A z . From the second equa- 
tion we infer that, as C is a common divisor of A 2 and A 3 , C is a 
divisor of A*; etc. We conclude that C is a dfvisor of A k . 

It follows from the definition of g.c.d. that A k is the g.c.d. of 
A i and A 2 . This is clearly the case if Ai = 0, A 2 ^ 0, in which 
case A k = As (see the last equation of § 12). 


EXERCISES 

1. Show that if the Euclidean algorithm of two polynomials in a field 
R is modified by multiplying any of the remainders by an element of R 
different from 0, the last divisor will still be the g.c.d. of the two poly- 
nomials. (This fact is useful in practice.) 

2. Show that if D is the g.c.d. of A and B, (AB 0), then A/D and 
BID are relatively prime. 

3. Show that the g.c.d. of two polynomials A and B in a field R is also 

the g.c.d. of Ai — piA + and B i = pzA -f qzB, where pi, pz, $x, $2 

are arbitrary elements of R subject to the restriction piq% — Mi ^ 0. 

[Express A and B in terms of Ai and B x .] 

4 . Find the g.c.d. of 

(a) x« + 3x 5 + 6x 4 4- 7x 3 4- 6x 2 4- 3x 4- 1 and 

x s A- z 4 A- z 3 — x 2 — x — 1. Ans. x 4 -j- 2x z -f 3x 2 + 2x + 1. 

(b) x 6 — 6x 4 Ar 12x 2 — 8 and x 3 — x A- 2. Ans, 1. 

. (c) x* A~ (2 — 2i)x 3 A- (2 — 4 i)x 2 -f (—1 — 2 i)x — 1 — i and 

x 2 4- (1 — 2x)x + 1 — i . Ans. The second polynomial. 

(d) x 3 A- (~4 + V3)x - 3 + V3 and x 2 - 3. . x - V£ 

(e) x 4 — y 2 z 3 A- (y — 1 )x — y z A- y 2 and 

x 3 4- (— y 2 4- y)z 2 4- (— y 3 A- y*)z — y 4 . .Ans. x — yK 

(f) 0 and any other polynomial. 

(g) 1 and any polynomial. 

5. Determine c so that the g.c.d. of the polynomials 

x 2 4- (c 4* 6)x 4- 4c 4- 2, x 2 4- (c + 2)x 4- 2c 

shall be a polynomial of the first degree. Ans. c = 3, 1. 

6. Determine t and u so that the g.c.d. of the polynomials 

x 3 4- (t 4* l)x 2 4- 2x 4- 2 w, x 3 4* tx 2 4- u 

shall be a polynomial of the second degree. 

Ans . t 
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14. The identify AG + BF = D. If D is the g.c.d. of two poly- 
nomials A and B in a field R , D is clearly a divisor of every poly- 
nomial in the set 

(1) AV + BU, 

U ' and V being arbitrary polynomials in R. The question arises 
whether D itself is in the set; that is, whether it is possible to find 
two polynomials F and G in R such that AG' + BF = D. This 
question will be answered in the affirmative. It will then follow 
that' every polynomial in R which is a multiple of D is in the set 
(1)* 

Referring to the equations of § 12, we have, with the notation 
A = A i t B — 42, D = Ak, 

D = Ajc-% — Qk-zAk-i = Ak~ 2V1 + Ak-iUif 

where 

Ui = -Q*_ 2 , Vi = 1. 

Since 

Ak - 1 = Ak - 3 — QksAk- 2 , 

D = At- jFj + (At- 3 - Qk-iAk-JU 1 = At- 3 F 2 + At-fUt, 
where. ‘ 

U t = Vi- QksUi, Vi = Ut. 

Again, since 

At — 2 At — 4 “ Qt—tAt—ij 

D — At-aFj + (Ak~i — Qk-tA 1-3)11 2 = At-tVi + At-tUs, 
where 

U 3 = Vi- Qt-iUi, Vi = U t . 

Continuing thus, we have the 

Theorem 3. If A and B are two ‘polynomials in afield R and D is 
their g.c.d., there exist two polynomials U and V in R, such that 

- AV+BU= D. 

Corollary. A necessary and sufficient condition that two polyno- 
mials A and B be relatively prime is that there exist two polynomials 
U and V such that 


AV+BU=1. 
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Theorem 3 asserts that the condition is necessary. Conversely, 
if two polynomials U and V exist such that AV + BU = 1, it is 
obvious that A and B are relatively prime. 

The polynomials U and V of Theorem 3 are by no means unique. 
In fact, if U = F and V = G fulfill the requirements of Theorem 3, 
so do 

U = F-TA, V = G + TB , 

T being an arbitrary polynomial in R. (This statement may be 
verified by direct substitution.) U and V may therefore be chosen 
so as to be of arbitrarily high degree. There are, however, lower 
limits to their degrees which we proceed to consider. The trivial 
case AB = 0 is excluded. 

Dividing the U and the V of Theorem 3 by A and B respec- 
tively, the equations 

U - Q t A + Uo, V=Q 2 B + V q 

are obtained; the remainder in each case, if it does not vanish, 
having a degree less than that of the divisor. We now have 

A(QiB + Vo) + B(QyA + Uo) « D. 

Therefore 

D — AV 0 — BUo = (Qi + Q 2 )AB, 

The degree of the left member of this equation is less than that of 
AB, Therefore Qi + Qz = 0, and 

( 2 ) AVo + BUo^D. 

One, but not both, of the polynomials Uo and Vo may vanish. 
If Vo = 0, BUo = B, D is therefore a multiple of B as well as a 
divisor of B , and Uo is a constant different from zero. As D is a 
divisor of A, so is B. Suppose that A = BC. Then 

D = BUo = B(U 0 - CG) + GA } 

G being an arbitrary polynomial. It is obvious that an element 
G ?£ 0 of R can be chosen so that Uo — CG ^ 0. The degree of the 
polynomial F — Uo — CGis then less than that of A and the degree 
of G is less than that of B unless A and B are constants. 

Combining this result with that embodied in (2), changing the 
Uo and Vo of (2) to F and G respectively, we have the 
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Theorem 4. If A and B are non-constant polynomials in a field 
R and D is their g.c.d., there exist two polynomials F and G in R 
whose degrees are less than those of A and B respectively, such that 

AG + BF = D. 

(The reference to the degrees of F and G implies that neither F 
nor G Vanishes.) 

We investigate, finally, the uniqueness of these polynomials F 
and G, beginning with the case in which A and B are non-constant 
relatively prime polynomials, so that AG + BF = 1. Suppose 
there were another pair of polynomials F x and Gi with degrees less 
than those of A and B respectively, such that AG\ + BF x = 1. 
Subtracting the two equations, we have 

A(G-G l ) + B(F-Fi) = 0, 

from which it follows that A is a divisor of B(JF — F x ). Conse- 
quently A is a divisor of each term of the left member of the equa- 
tion 

(F - Fi)AG + (F — Fi)BF - F - F u 

and therefore also of F — F x . Since the degree of F — Fi is less 
than the degree of A, F = F x and G = G\. The polynomials F 
and G are therefore unique. 

Now let A and B be two polynomials in R, neither of which is 
divisible by the other. If D is their g.c.d., A/D and B/D are non- 
constant relatively prime polynomials. By the result of the pre- 
ceding paragraph there exist two unique polynomials F and G 
whose degrees are less than those of A ID and B/D respectively, 
such that {A/D)G + (B/D)F = 1. 

Theorem 5- If A and B are two polynomials in a field R, neither 
of which is divisible by the other , and D is their g.c.d., there exist two 
unique polynomials F and G in R whose degrees are less than those of 
A/D and B/D respectively, such that 

AG + BF - D. 

It is found convenient, in practice, to find F and G by the 
method of undetermined coefficients. 

Example . Find polynomials F and G, of lowest possible degree, 
such that 


Or 8 - 2x* + ar - 1)G + (x* + x - 3 )F = 1. 
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Assuming that the given polynomials are relatively prime, G 
and F will have the maximum degrees 1 and 2 respectively. Let 

G = ax + h, F = cx 2 + dx + e. 

Then a, 5, c, d, e are to be determined so that 

(x z — 2x 2 + x — 1) (ax + 6) + (x 2 + x — 3) (cx§ + dx + e) = 1. 

Expanding, we must have 

a + c = 0, 

—2a -f6-bc-fd = 0, 
a — 26 — 3c d **f“ c = 0, 

— — 3d + c==0, 

— 6 — 3e = 1. 

Solving this system of linear equations, we obtain 
a = —7/23, 6 = -17/23, c = 7/23, d = -4/23, e = -2/23. 
Hence 

G = *(-7z ~ 17), F = *(7x 2 - 4x - 2). 

Had our assumption that the given polynomials are relatively 
prime been false, some absurdity (such as 1 = 0) would have 
appeared in the course of the calculations. 

i 

EXERCISES 

1. Find polynomials F and G, of lowest possible degree, suet that 

(a) (x 3 — 3a; + 1)G + (x 2 + x + 1)F = 1. 

Ans. G = + 5), F = xg-(— 3x 2 ~ 2x + 14). 

(b) (x 3 - x 2 + 2x - 4)6 + (x + 3 )F - 1. 

A ns. (7 = — F * -fa(x 2 — 4x + 14). 

(c) (x 4 — x — 1 4- i)G 4- (x 2 + 1)F — x — i. 

Ans. G « -1, F = x 2 - 1. 

(d) [x* + (y - l)x + 1K?+ [x 2 + (V + 1)* + 2]F = L 

Ans. G = — 2g + 2y + 1 , F = 

2y — 7 2y-7 

2. In trying to find F and (7 such that 

(x* -f x — 2)G -h (x 2 — x)F * 1, 
an absurdity is obtained. Why? 

3. Prove that every common root of two polynomials is a root of their 
g.c.d., and conversely. 
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4 . Solve the equation 2x 4 + 9x 2 + 17a; — 21 = 0, which has a.-r^i 
in common with the equation x 3 + 2a; 2 + 4x + 21 = 0. 

5. Solve the equation x 4 - 4a; 3 + 6x 2 - 7a; + 2 = 0, which has two 

3 * V5 1 * V— 7 


roots whose product is 1. 


Ans. 


[Denoting the left member by /(a;), observe that /(x) = 0 and x 4 f( 1/s) = 0 
have a root in common.] 

6 . The equation x s ■+■ x 5 -f s 4 — — 14x 2 — 6x +* 6 = 0 has two 

roots whose sum is 0. Find them. Ans. =±= VjjL 

7. Determine k so that the difference of two of the roots of the equation 
x 3 - 28x + k = 0 shall be 2, and find the roots. 

Ans. k = 48, roots 2, 4, -6; k - -48, roots -2, r~4, 6. 

8. Show that if A(x) and B(x) are relatively prime polynomials, then 
A(x") and B(x") are relatively prime polynomials. Generalize. [Use the 
corollary to Theorem 3.] 


15. Subfields. Reducibility. If every element of a field Ri is 
an element of a field Rz, Ri is a subfield of Rz and R 2 is a superfield 
of Ri . In particular, every field is $ subfield as well as a superfield 
of itself. 

Example 1, Every number-field is a subfield of the field of com- 
plex numbers. 

Example 2. T^he field generated by a primitive nth root of unity 
is a superfield of the field generated by a primitive dth root of unity 
if d is a divisor of n. 

Example^. If R\ is a subfield of R 2 , Ri(z) is a subfield of 
Ri(x). 

A polynomial in a field R is reducible in R if it equals the product 
of two polynomials in R } neither of which is a constant. In the 
contrary case, the polynomial is irreducible in R. The equation 
A(x) =0 is reducible or irreducible in R according as the poly- 
nomial A(x) is reducible or irreducible in R. 

Example 4. The polynomial ax + b } where a and b are elements 
of a field R, is irreducible in R. 

Example 5. The polynomial x 2 + 1 is reducible in a number- 
field R which contains i and is irreducible otherwise. 

For, suppose that 

x 2 + 1 = (ax + b)(cx + d), 

where a, 6, c, and d are elements of R. Expanding the right mem- 
ber and equating coefficients of like powers of x, we have 
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ac = 1, 
ad + be = 0, 

6d - 1. 

Solving the first and third of these equations for c and d respec- 
tively and substituting in the second, we have a 2 + 6 2 = 0, so 
that a/6 = =*= z. Therefore P contains the number L Conversely, 
if R contains i, x 2 -f 1 is reducible in R; for x 2 + 1 = (x + z)* 
(x - z). 

Example 6. The polynomial x 3 — 1 is reducible in R(l) and 
therefore in every field; for 

x z — 1 — (x — l)(x 2 + X + 1). 

The polynomial is further reducible in every field containing ^—3; 
for 

x 3 -l = (x- 1)(* - . ~ 1+ 2 V ^ )(x - - ~ X ~ 2 V ~ 3 )- 

It is to be emphasized that the concept of reducibility of a poly- 
nomial (or equation) has a meaning only with reference to a spec- 
ified field which contains the coefficients of the polynomial (or 
equation). A polynomial may be reducible in one field but irre- 
ducible in another. 

Theorem 6. If the product of two polynomials A and B is divisible 
by a polynomial C which is prime to B, then A is divisible by C. 

As B and C are relatively prime, there exist two polynomials F 
and G, such that 

BG + CF « 1. . 

Multiplying each term by A, we have 

ABG + ACF = A. 

By hypothesis, AB = QC, where Q is a polynomial. Therefore 
C(QG + AF) =;A, 

which asserts that A is divisible by C. 

Theorem 7. If the product of two polynomials A and Bin a field 
R is divisible by a polynomial P which is irreducible in R 1 at least one 
of the polynomials A and B must be divisible by P. 

The only divisors in R of P are associates of P and constants. 
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Therefore, if A is not divisible by P, A is prime to P. It follows 
from Theorem 6 that B is divisible by P. 

16. Unique Factorization Theorem. A primary polynomial is 
one whose leading coefficient is 1. Every polynomial 3 ^ 0 is ex- 
pressible as the product of its leading coefficient and a primary 
polynomial: 

aax n + aix 7 *" 1 + + an-tf + a n 

= a/x n + -x”- 1 + • • • + —x + 

\ Oo do do/ 

More briefly: 

(1) A(x) = aoAi(z), 

where a 0 is the leading coefficient of the polynomial A(z) f and 
Ai(x) is a primary polynomial. 

If Ai = Ai(z) is reducible in a field R containing the coeffi- 
cients of A = A ( 3 ), A 1 may clearly be expressed as the product of 
two primary polynomials in R. Treating each of these factors in 
the same way, we finally obtain 

(2) A « aoP:P 2 • * * P., 

where Pi, P 2 , * • * , P 9 are primary irreducible polynomials in R, 
and s is some positive integer. 

Suppose we also had 

(3) A - a 0 m • . - Q tf 

where a 0 ' is an element of R, and Qi, Q 2) • • * , Q t are primary 
irreducible polynomials in R. Then ao = ao', each being the lead- 
ing coefficient of A. Therefore 

W Pf* P. = QiQi Qt- 

By Theorem 7, Qi is a divisor of at least one of the P’s, say P t . 

Therefore P\ = QiU, U being a polynomial in R. Since Pi is 

irreducible in R, U is a constant; and, since Pi and Qi are primary 
polynomials, U = 1. Therefore Pi = Q,. From (4) we have 

P. = Qt Q,. 

Applying the same argument to this equation, we finally arrive at 
the conclusion that each of the Q’s equals one of the P's, and that 
s-t. Therefore the right members of (2) and (3) are identical 
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except, perhaps, as regards the order in which the factors are 
written. This result is known as the Unique Factorization Theorem . 

Theorem 8. Every polynomial in a field R can be expressed as the 
product of its leading coefficient and one or more primary irreducible 
polynomials in R in one, and in only one way± except for the order in 
which the factors may be written. 

Returning to (2), it may happen that some of the P's are equal. 
Collecting those which are equal, we write 

(5) A = aoPiW P~, (m > 1; i - 1, , r), 

where Pi, P 2 , • * * , P r are distinct primary irreducible poly- 
nomials in R, and r < s. ( 5 ) is called the canonical form of A. If 
A is irreducible in R, its canonical form is (1). We therefore have, 
as an alternative form of the Unique Factorization Theorem, the 

Theorem 9. Every polynomial in afield R may be expressed in the 
canonical form ( 5 ) in one, and in only one way , except for the order in 
which the factors may be written. 

The canonical form of a polynomial may be different for different 
fields. 

Example. The canonical form of the polynomial x 2 + 1 is 
x 2 -+- 1 if the field does not contain i, but is (x + i)(x — i) if the 
field does contain i. (See Example 5 of § 15). 

EXERCISES 

1. Show that the field of rational numbers has no subfield besides itself. 
(Because of this property the field of rational numbers is called a prime 
field.) 

2. Find the subfields of 

(a) Rtf 2). (b) Rtf 2). (c) Rtf 2). 

3 . (a) Find the roots of the equation x 4 4- 1 = 0 (§ 7), and express 

x 4 -I- 1 as the product of four linear polynomials in 

(b) Show that x 4 -f 1 equals the product of two irreducible quad- 
ratic polynomials in each of the fields R(i), Rtf 2), R(tf2). 

(c) Show that x 4 -f 1 is irreducible in R(l). 

(d) Show that x 4 + 1 is irreducible in a field which contains none 
of the numbers i, V2, tf2; that it equals the product of two irreducible 
quadratic polynomials in a field which contains one and only one of these 
numbers; and that it equals the product of four linear polynomials in a field 
which contains all three of these numbers. 
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(e) Where is the Unique Factorization Theorem invoked in arriving 

at the preceding results? 

4. Treat similarly each of the polynomials 

(a) *«-lQ** + l. W * 3 - 2 * 

(b) x 4 - 14a; 2 + 9. (d) s 4 + * 2 + L 

6. Show that every complex number satisfies either a linear or a 
quadratic equation with real coefficients which is irreducible in the field of 
real numbers. 

6. Show that every element of 22(V 2) satisfies either a linear or a 
quadratic equation with rational coefficients which is irreducible in 12(1). 
Generalize. 

7. Show that a polynomial which is prime to each of two polynomials 
is prime to their product. 

8 . Show that a polynomial which is divisible by each of two relatively 
prime polynomials is divisible by their product. . 

9. Show that, if e is a primitive nth root of unity, 

x n _ i = ( x - l)(x — e)(x - € 2 ) • * • (x — 6*- 1 ). 

10. Show that if AjB = C/D, where A, B, C, and D are polynomials, 
and C and D are relatively prime, then A is divisible by C, and B by D. 

11. Show that all pairs of polynomials / and g in a field R which satisfy 
the equation Ag + Bf = 1, where A and J3 are relatively prime poly- 
nomials in R, are included in the system 

/ * F - TA, g = G+TB, 

where T is an arbitrary polynomial in R, and F and G are fixed polyno- 
mials in R which satisfy AG + BF - 1. 

12. Show that if (5) is the canonical form of a polynomial A in a field R r 
every divisor of A in R has the form 

afp vtpp* . . . p/', (0 £ pi ^ «,; i « 1, • * • , r). 

13. If each of two polynomials is expressed in the canonical form, how 
may their g.c.d. be determined? 

14. Show that the Lc.m. of two relatively prime polynomials equals 
their produet. 

15. Show that the l.e.m. of two polynomials equals their product divided 
by their g.c.d. 

16. How may the l.c.m. of a set of polynomials in a field R be deter- 
mined when.each of the polynomials is expressed in its canonical form? . 

17. Find an equation satisfied by *^2 -h V2 

(a) in £(«). (b) in #(V 2). (c) in 12(1). 

Ans. (e) a; 6 — 6x 4 — 4a: 3 4* 12x 2 — 24a: —4 = 0. 

18. Find the irreducible equation in 12(1) which is satisfied by $2 + *f4. 

[See Example 5, p. 204 Ans, x z — 6a: — 6 = 0. 

A Show that if nis divisible by d, x n — 1 is divisible by x* — 1. 
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20. Conversely, if a: n — 1 is divisible by x* — 1, n is divisible by d. 
[Use the result of Ex. 8, p. 16.] 

21. Show that if d is the g.c.d. of m and n, x d — 1 is the g.c.d. of x m — 1 
and x tt — 1. 

22. Find the equation whose roots are the primitive l'5th roots of unity. 

[See Ex. 5, p. 16.] Ans. x 8 — x 7 4- x 5 — x 4 + x 3 — x -f 1 — 0. 

23. Let F m {x) denote the primary polynomial whose roots are the 
primitive mth roots of unity; for example, 

Fi(x) - x - 1, F 2 {x) = x -f 1, F 3 (x) = x 2 + x + 1, F 4 (x) = x 2 + 1. 
Verify that 

(a) x 4 - 1 = Fi(x)F 2 (x)Fi(x). 

(b) x 8 1 = F i (x)F 2 (x)F 4 (x)Fg(x) . 

(c) x 6 ~ 1 = F x (x)F 2 (x)F 3 (x)F 6 (x). 

(d) x 9 ~ 1 = F 1 (x)F 3 (x)F 9 (x). 

24. Let d h d 2 , * * • , d r be the distinct positive divisors of n> including 
1 and n. Prove that (as suggested by the preceding exercise) 

x n — 1 = F dj (x)F d ^x) F dr (x). 

[See Ex. 10, p. 16.] 

26. Show that the primitive nth roots of unity satisfy an equation with . 
integral coefficients.* [Prove first for n — a prime number; then apply 
mathematical induction, using the result of Ex. 24.] 

* It is somewhat more difficult to prove that this equation is irreducible in 
R{ 1). Assuming that this is the case, the result of Ex. 24 gives a complete 
factorization of x n — 1 in E(l). See § 69. 
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FURTHER PROPERTIES OF POLYNOMIALS 
IN A FIELD 

17. Polynomials and equations having assigned roots. If at 

least one of the irreducible factors of a polynomial A{x ) in a field 
R is linear, the canonical form of A{x) for the field R assumes the 
form 

(1) A{x) = a 0 (x - x^) mx • (x s*) m ‘[Pi(:r)] rt i • * • [P«(x)] n ‘, 

(k ^ 1; t*: 0; rru ^ 1, % 1, * , fc; rii 1, i = 1, * • * , t), 

where x h • • • , x k are distinct elements of R and (in the event 
that t > 1) Pi(x), * • * , P t (x) are irreducible polynomials in R of 
degree ^ 2. Since 

A(xi) = 0, (f= 1, , &), 

Xi is a root of the polynomial A (x) and of the equation A ( x ) = 0. 
Moreover, no element of R besides z lf * • • , x k is a root of A(z). 
For, if r is a root in R of A{x), x - r is a factor of A(x), (Factor 
Theorem, p. 27, Ex. 10), and must, by the Unique Factorization 
Theorem, be one of the polynomials x — x h * • • , x — x k , as 
x “ r cannot be a factor of any of the polynomials PAx), * * • 
P t (x). 

For the same reason A (x) cannot be divisible by (x ~ Xi) m *+K 
Xi is therefore called an m*-fold root of A{x) } or a root of multi- 
plicity tn { . If m,i ~ 1, Xi is a simple root; if £ 2, x { is a repeated 
or muUipk root. If m* = 2, is a double root; if m* * 3, is a 
triple root; etc. 

It is more convenient for certain purposes to write (1) in the 
form 

(2) A(x) = (* - xi) ■ ■ • (x - x.)B(x), 

where Si,. • ■ ■ , x, are the roots in R of A{x), not necessarily dis- 
tinct, while B(x ) is a polynomial in R which has no root in R. To 
an JW-fold root of A(x) there correspond exactly m equal Hnwr 
actors in the right member of (2). Unless the contrary is explicitly 

40 
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stated or implied by the context, the roots of a polynomial are 
not to be assumed distinct. When we state that x u • • • , x h are 
roots in R of A(x), we do not imply that these are the only roots 
in R of A(x). If, however, among the roots Xi> * • • , Xh , a certain 
root is repeated Z times, it is to be understood that this root is 
at least an Z-fold root of A(x). With these agreements we have, as 
an immediate consequence of (2), the 

Theorem 1. A polynomial A (x) in afield R, of which x i} * * * , x h 
are roots in R, is divisible by the polynomial 

(x - xi) • • - (x - x h ). 

If the degree of A(x) is n and, in (2), s = n, B(x) must be a 
constant which is clearly the leading coefficient of A(x). 

Theorem 2. A polynomial A{x) of degree n in a field R, which 
has n roots Xi t • • • , Xn in R, can be represented uniquely in the 
form 

A{x) = a 0 (x — Xi) • • * (x - Xn), 

where a 0 is the leading coefficient of A(x). Conversely, if A(x) is 
representable in this form it has the roots x lf • • • , Zn, and no addi- 
tional roots . 


EXERCISES 


L Construct an equation whose roots are 


(a) 0, 2, %• 

(b) 3, 1 + V5, 1 - V5. 

(c) 2 + 3i,2 - 3 i, 2+ V2, 2 - V2. 

1 + W3 1 - W 3 . . 

(d) s , s , -t. 


(e) 2 + i, V3, 1. 

(f) 1, 1, 1, -1. 

(g) 0, 0, —1 -f i, —l + t. 

(h) t + 1, t ■+■ i , t — t, 0. 


2. Find the roots, in the field of complex numbers, of 

(a) x 2 (x 2 - 8x + 12) « 0. (c) (x 2 - 4) 3 - 0. 

(b) (x* + x- l)(x 2 - x + 1) - 0. (d) (x 2 + 2x + 2) 2 (x* - l) 2 * 0. 

3. Can an algebraic equation with at least one irrational coefficient 
have a rational root? 

4* Can an algebraic equation with at least one imaginary coefficient 
have a real root? 

5. Determine a so that — 2 shall be a root of the equation 
x 9 -b 2ax* -b (a + l)s — 3 — 0. 


6. Determine a and b so that 1 shall be a double root of the equation 
sc 4 + ax s -f (a — 5)x 2 + bx + 1 =* 0. 
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. 7. Show that an equation of degree n in a field R has at most n roots 
in R. 

8. Show that it is impossible to find three distinct numbers, the square 
of each of which equals the stim of the other two. [Show that the three 
numbers would satisfy the equation x 2 + x — s = 0, where s denotes 
their sum.] 

8. Show that it is impossible to find four distinct numbers, the square 
of each of which equals the product of the other three. 

10. Show that two polynomials of degree <>n in a single variable are 
equal (see definition, p. 24) if they assume the same values for n + 1 
distinct values of the variable. 

11. Show that the trigonometric functions sinx, cos x, etc. are not 
polynomials. Show that they are not rational functions. 

12. Show that if r is an enfold root of A(x) and a Wold root of B(x), 
then r is an (a -f 6)-fold root of A (x)B (x ) . 

13. (a) Show that if e is a primitive nth root of unity, 


3 «-r + z»- 2 + . . • + x + 1 - (x - «)(* - e 2 ) 

(b) Deduce that 

* - (1 - «)(1 - « 2 ) • • • (1 - €*-*), 

(c) Using the result of Ex. 13, p. 14, show that 

sin - sin — sin^i^ = JL, 
n n n 2 n ~ l 


(* - e” -1 ), (n S: 2). 
( n 2s 2). 

(n S: 2). 


18. Relations between roots and coefficients. H the poly- 
nomial 

A(x) = aoi" + cw-i + • • • + a^-ix + a., (a 0 ^ 0) 

in a field R has n roots x lf * • * , Xn in R, 

A(x) = a 0 (x - a?0(* — - - • (* — x n ). 

Equating coefficients of like powers of x of the identity in x 
aos* + aiz"- 1 + * • • + On^x + On » a 0 {x - x v )(x - x%) • • - 

we obtain ^ Xn ^ 9 


+ x 2 + « + x n 

== X1X2 + XiXz + X2X3 + • 


2X1X2X3 = x&iXz + X1X2X4 -f . . . 



• * + Xn-iXn = +~, 


+ Xn-sXn-iXn 

<*</ 


SXiXj 


■X„ (-1)*®?. 

flo 


Xn = XjX 2 
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The first member of each of these equations is an abbreviation for 
the . expression written more fully in the second member. The 
rt}v equation asserts that the sum of all the possible products of the 
.foots taken r at a time equals (— l) r a r /a 0 . 

The relations between the roots and coefficients of an equation 
are useful in constructing an equation whose roots have an assigned 
relation to the roots of a given equation, and in solving an equa- 
tion when some relation among the roots is given. 

Example 1 . Find the equation whose roots are the squares of the 
roots of the equation ax 2 + bx + c = 0. 

First solution: Let X\ and x 2 be the roots of the given equation; 
then y 1 — x 2 and y 2 = x% 2 are the roots of the required equation. 
Now 


2/1+ 2/2 = Xjf + x 2 2 — (si + Xz) 2 — 2zi£2 == — - — = - 

a 2 a a 2 9 

2 2 C 2 

2/12/2 Zi 2 ^2 2 = — 

The required equation is therefore 

a 2 y 2 + (2ac — b z )y + c 2 = 0. 

Second solution: Substitute x = Vy in the given equation, 
obtaining 

ay + b>!y + c = 0, 

whence 

{ay + c ) 2 - 6*2/. 

Simplifying, we obtain the required equation 

ay + (2ac — b 2 )y + c 2 = 0. 

Note: The second method is usually simpler when each root of 
the required equation is the same function of one of the roots of the 
given equation. The first method is more general and can be used 
in a wider variety of problems than the second. 

Example 2. Determine k so that one root of the equation 

s 3 - 13z 2 - 65z + k = 0 

shall be three times another; and find the roots. 

Denoting the roots by x h x 2} x i} we take = 3xi. Substituting 
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in the first two of the relations between the roots and coefficients: 

%i H“ £2 4* £3 88 13, 

+ £1X3 + X2Z3 =* ~ 65 , 

= — ki 


we obtain 


4xi + 2:3 =* 13, 
3%i 2 + 4 £ i £ 3 = ~ 65 . 

Eliminating 23, we obtain 


£i 2 - 4®! - 5 = 0, 

Y 

from which it follows that X\ — — 1, £1 = 5. There are therefore 
two answers: 


xi = -1, x 2 = 3xi * —3, £3 « 13 - 4xi = 17, fc = “£i£ 2£3 = 51; 
£1 = 5, £2 = 15, £3 = —7, fc = 525. 


EXERCISES 

1. Write in full the relations between the roots and coefficients of a 
quartic equation. 

2. How many terms does Xx x x 2 • * * Xr involve? 

3. Find the equation whose roots are the squares of the roots of the 
equation x z — V3x + 1 — 0. 

4. Find the equation whose roots are the cubes of the roots of the 
equation a; 2 — 2ix -f 1 — i — 0. Ans. y 2 -f (6 + 14 i)y — 2 — 2i = 0. 

5. Find the equation whose roots are twice the roots of the equation 
x 4 4- x 3 - 7x 2 + 8x - 2 - 0. 

6. Find the equation whose roots are 3 less than the roots of the equa- 
tion x 3 — 9x* + 4x — 4 *= 0. 

7. find the equation whose roots are the reciprocals of the roots of the 
equation x* — %x* -f 9x 2 — 8x + 11 * 0. 

81 Show that the reciprocal of each root of the equation 

a® 4 fo 3 -f cx 2 4* &£ + a * 0 (a?<0) 

isalsoaroot. 

% Denoting the roots of the equation x* ~ 3x -f 1 » 0 by x 1? x 2} X* 
find the equation whose roots are 

3xi -f~ 2 3x2 “f* 2 3xi -f* 2 

Xi + 1 * x* + 1 ’ xj-f-l 

Ans . 3y s - 27 y* + 7% - 73 - 0. 

10. Determine k so that one root of the equation x* — 7x + k *= 0 shall 
be twice another; and find the roots. 
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11. Determine k so that the sum of two roots of the equation 

x 3 + 5x 2 + kx — 10 = 0 
shall be 0 ; and find the roots. 

12 . Determine k so that the equation 

3z 3 -h llx 2 + 8x + k = 0 
shall have two equal roots; and find the roots. 

13 . Determine a, 6, and c so that all the roots of the equation 

x 4 4- ax 3 + 24x 2 -f- lx 4- c — 0 
shall be equal; and find the roots. 

14 . Determine k so that the product of two of the roots of the equation 

x 3 -j- kx 2 — kx + 2 a* 0 
shall be 1 ; and find the roots. 

16 . Solve Ex. 7, p. 34, using the relations between the roots and co- 
efficients. 

16 . The lengths of the sides of a triangle are the roots of the equation 

ax 3 -f bx 2 4- cx 4- d = 0. 

Find the area. [Recall that the area of a triangle whose sides are x lf x%, x 3 , 
is Vs(s — Zi)(s — x % )(s — Xz), where s denotes one-half the perimeter.] 

Ans. J-V- b* + 4a6 2 c - 8a 2 M. 

17 . The vertices of a triangle in the 3-plane are the roots of the equation 

03 s 4- bz 2 4- cz 4- d ~ 0. 

Find the equation whose roots are the midpoints of the sides. [See p. 6, 
Ex. 12.] 

18 . Find the condition that the points z x , z 2 , zz be the vertices of an 
equilateral triangle. [See p. 19, Ex. 11.] 

19 . * Show that the equation 

aax n 4" aiX n ~ l 4- • * • 4b ctn-iz 4~ &n — 0 (a c 0) 
in the field of complex numbers, has at least one root whose absolute value 


is ^ 


, and at least one root whose absolute value is > J an 

a 0 


20 .* Show that if the absolute value of every root of the equation of 
Ex. 19 is ^ M, then 

, n(n - 1) , 


ai < nM 

a„ ’ o,| 2 21 M ’ 


n(n - l)(n - 2) .., 
S 3] M • 


a» 

CLq 


^ M\ 


21.* Show that it is possible to choose t so large that the absolute value 

* In Exercises 19, 20, and 21, assume that an equation of degree n in the 
field of complex numbers has exactly n roots (not necessarily distinct) in that 
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of at least one root of the equation 

x 4 * * * * -f 3 tx 2 - 5z 2 + (t 3 + 1)* - 2 - 0 
is greater than any preassigned number. Generalize 1 . 


19. Derivative of a polynomial in an arbitrary field. The deriva- 
tive of a function is defined in the Calculus with the aid of the 
notions of continuity and limit. As there are many fields imwhich 
these concepts are meaningless, a different definition is desirable, 
at least of the derivative of a polynomial We may, if we wish, 
simply define the derivative of the polynomial 

A{x) = aox n + a\X n ~ l + * * * + a n -ix + a n 

in a field R to be 

A'(x) = natfx 71 '" 1 + (w — l)aix n “ 2 + * * • + 2a n ~iX + a n _i, 

and then establish the standard rules of differentiation from this 
definition. The following method seems less artificial 
The polynomial 

A{y) - A{x) = ao(y n - x n ) + at(y n ~ l ~~ x*” 1 ) + • * * 

+ a n ^i(y — x) 

is divisible byy — x,y being a new variable; in fact, 

= do (y n ~ ll x + y n ~ 2 x 2 +•*•-}** y 2 z n ~' 2 + yx n ~“ l ) 

y — x 

+ ai{y n - 2 x + y n ~V + * • • + y 2 x n ~* + yx n ” 2 ) 

+ • ■ ■ 

+ an-ziy + x) + dn^i. 

The left member is undefined for y = x since it then assumes the 
indeterminate form 0/0. On the other hand the right member has 
a perfectly definite value for y ~ x. We therefore use the pre- 
ceding equation to define the value of the left member for y = x, 
and write 


My) - A (x) 
y — x 




=? mox*- 1 + (n - l)ai 2 n ~ 2 + 


4 - 2a n - 2 x 

* + An- 1- 

Observing that the right member of this equation is A f (x ), the 

Md Ihis theorem Mows from the Fundamental Theorem of Algebra, a 

proof of which will be given subsequently. 
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derivative of a polynomial A{x) in a field R is now defined by 


¥ = A > {x) 

dx y - x J*. 


M ] 


It will be noticed that the concepts of continuity and limit are 
avoided m this definition. The derivative of a rational function in 
an arbitrary field may be defined similarly. But the derivative of 
a transcendental function, such as e* or sin x, cannot be defined in 
this way. In fact, there are fields in which these functions are 
undefined. 

The standard rules of differentiation are readily established 
with the aid of the preceding definition of derivative. For exam- 
ple, the rule for the derivative of the product of two polynomials is 
an immediate consequence of the identity 

A(y)B(y) - A(x)B(x) = A(y)[B(y) - B(x)] + B(x)[A(y) - A(x)}. 


20. Repeated factors of a polynomial. If a polynomial A (x) is 
divisible by [. B(x )]”*, (m ^ 0), but not by [B(x)] m+1 , B(x) is called 
an m-fold factor of A(x), or a factor of multiplicity m. If m > 2, 
B(x) is a repeated or multiple factor of A(x). A factor of multi- 
plicity 1 is a simple factor, a factor of multiplicity 2 a double factor, 
etc. These definitions are obvious extensions of those of § 17. 

Let B be an m-fold factor of A , (m > 1), so that 


A = B m C, 


C being a polynomial which is not divisible by B. Differentiating, 
we have 


A' = B m C' + mB m ~~ 1 B f C = B m ~\BC' + mB'C ). 

A' is therefore divisible by B m ~ l , so that B is at least an (m — 1)- 
fold factor of A'. If B and B' are relatively prime, A f cannot be 
divisible by B m . For, in that case, BC r + mB'C , and therefore 
B'C, would be divisible by B, as m 0. Hence, since B and B' are 
relatively prime, C would be divisible by B, contrary to assump- 
tion. 

Theorem 3. If B is an mrfold factor of A, (m > 1), B is at least 
an (m — l)~fold factor of A'. If, further, B and B r are relatively 
prime , B is precisely an (m — l)-fold factor of A'. 

It is to be emphasized that, in any case, every repeated factor of a 
polynomial A is a factor of A ' and therefore of the gx.d. of A and A'. 
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Corollary 1. A polynomial has no repeated factor if, and only if, 
it is prime to its derivative. 

Corollary 2. A polynomial in a field R which has no repeated 
factor in R has no repeated factor in a superfield of R. 

Corollary 3. A polynomial which is irreducible in a field R has 
no repeated factor in R nor in any superfield of R. 

Some of the exponents which occur in the canonical form 

(1) A aoPi ni P 2 ftl P r n 

of a polynomial A in a field R may be equal. Collecting those P's 
which have the same exponent, we obtain 

(2) A = • • • B s m s , (1 < 5 <: r), 

where a 0 is the leading coefficient of A; m u m*, • • • , m, are distinct 
positive integers; each B is the product of distinct irreducible primary 
polynomials in R of degree ^ 1 (and is therefore prime to its deriva- 
tive); and no two of the B’s have a factor in common besides constants. 
This representation of A is clearly unique, except for the order in 
which the factors may be written. It will be referred to as the 
secondary canonical form of the polynomial A. 

With the aid of the preceding results we shall derive a method 
of expressing a polynomial in its secondary canonical form by 
purely rational processes. As each B in (2) is prime to its deriva- 
tive, the following theorem is a consequence of Theorem 3 . 

Theorem 4. If (2) is the secondary canonical form of the polyno- 
mial A , the gx.d. of A and A' is 

b,”- 1 

^ Corollary. If Ai is the g.c.d. of A and A’, and m x is the smallest 
of the integers m h m 2 , • * * , m* which occur in ( 2 ), the secondary 
canonical form of A x is either 

(3) Ai = aiBi m r%^ (aj „ 0) 

or 

(4) Ai = aA*-' 1 • Bf (a^o) 

according as mi > 1 or mi = 1. 

i Ha* suppose that A x , the g.c.d. of A and A\ has been calcu- 
lated and expressed in its secondary canonical form 

® Ai = ajCV-CV. • • • CVS 
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which must be identical with (3) or (4), except for the order in 
which the factors are written. In either case A is divisible by 

C = . . . C h 9h+ \ 

which equals either 

B a m * 

or 

R 2 ” B™ 

according as mi > 1 or m 1 = 1. If m x > 1, C and A have the same 
degree, and A is i mm ediately expressible in its secondary canon- 
ical form (2), since A — a Q C. If mi = 1, C is of lower degree than 
A and is not divisible by Bi. In this case B\ is found by dividing 
A by C, and A is then readily written in its secondary canonical 
form, since A — aJB x C. 

The problem of expressing A in its secondary canonical form 
therefore reduces to that of expressing A± in its secondary ca- 
nonical form, which, in turn, reduces to that of expressing the 
g.c.d. of A x and A% in its secondary canonical form; etc. Hence, 
every polynomial can be expressed in its secondary canonical form 
by means of a finite number of rational operations. Moreover, the 
preceding theory furnishes a practical method of effecting these 
calculations, as illustrated in the following example. 

Example. Express the polynomial ' 

A(x) = x 8 - lOx® - 8x 5 + 15x 4 + Sx 3 - 10s 2 + 1 

in its secondary canonical form. 

The derivative of A{x) is 

A'(x) = Sx 7 — 60x 5 — 40a; 4 + 60x 3 + 24x 2 — 20a;. 

As re is a factor of A'{x) but not of A (x), the g.c.d. of A (x) and A'(x) 
is the g.c.d. of A(x) and 

2x 6 - 15x 4 10x 3 + 15x 2 + 6x - 5, 

which is found to be 

Ai = x 4 + 2x 3 — x 1 — 2x + L 

The g.c.d. of Ai and Ai is 

At = x 2 -f x — 1, 
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which is prime to its derivative. The process of differentiating, 
etc. stops at this point as the secondary canonical form of A 2 is A ' 
By the theory, Ai is divisible by A 2 2 . Now A x and A 2 2 are pri- 
mary polynomials of the same degree. Therefore 

Ai ' Aj 2 (x 2 + X - l) 2 

Again, according to the theory, A is divisible by (x 2 + x — l) 3 , 
which is of lower degree than A. Therefore one of the factors which 
occurs in the secondary canonical form of A appears to the first 
power only. Dividing, we find this factor to be x 2 - Zx - 1. The 
secondary canonical form of A (x) is therefore 

A(x) = (x 2 + x - l) 3 (z 2 - Zx - 1). • 


EXERCISES 

form' ElpreSS each ° f the foUowing Polynomials in its secondary canonical 

■ (a) i 3 + (1 - i)x 2 + (1 - 2i>- 1 - 

- Am. (x - iy(x + 1 + t). 

(b) a: - (6 + 3V5)z 2 + (27 + 12 V5)* - 38 - 17V5. 




i A ■ Am. (x - 

(c) x* - 6ar* + 11a? — ftp -f 1. 

(d) a? + 3x* + 6a? 4- 7a: 3 + 6a: 2 + Zz + 1. 

(e) x* ~ — 2x 4 4- 12a; 2 4- 9. 

root 2 ' ^ Df the foUowing equations, given that it has a repeated 

(a) x*+ 2z 3 + 3* 2 + 4x + 2 = 0. 

(b) x* + x 2 - (6 + 2V2)a: + 4V2 = 0. > 

(c) x* — iix + 3 = 0. 

3 ' S' P0l> ’ n0 ^ ls have no "P“*ed factors. 

0) * 3 -?+2 d) *--«* + !, ( re *2). . 

v / x, z. ( e ) x n — na: n_1 4-1 (n 91 

(c)ox» + 6, (ab 9 * 0). . + * <- n * 2 \ 

of tfeSrS” Wh ! Ch mUS ‘ be satisfied fc y ^ coefficients of each 
factor S P ° lyn0nUals m order that polynomial have a repeated 

«?+£+«- o' ^ *"• n-4«-o. 

S'terdJrfnm*,. l W 0,l “ » mailed whi* iw,™, tbit 8 u,d 
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21. Synthetic division. Synthetic division is a method of rapidly 
calculating the quotient and remainder of the division of a poly- 
nomial by a primary polynomial of the first degree. Let 

Q(x) = q ^ 1 + qix n ~ 2 + * • • + q^x -f q^ 

be the quotient, and q n the remainder, of the division of 

A(x) = aox n + aix n ~ x +*•••+ a ^x + a n 

by x — h, where h is a constant Since 

A(x) = (x - h)Q(x ) + q n , 

a<& n + diX *^ 1 + * • • + On-lX + On 

= (x - hjfaox*- 1 + + • • • + & + q n - 1 ) + q n 

= q& n + (qi - hq^x "- 1 + (& - hqi)x n 2 -f * * * 

+ (q*r-i — Ag„_ 2 )z + q n — Agn-i. 
Equating coefficients of like powers of x, we obtain 

tfo — jffoj = CL\ + h^0| #2 == <?2 + * * ■ 9 

<?n-i = Qn- 1 + hq n -2y qn = On hqn-i- 

The a’s and h being given, these equations show how the q’s may 
be successively computed, the work being conveniently arranged 
as follows: 

I aa ai at . . . a n -i et» 

h J hq o hqi ■ . . hq n -t hgn~\ 

Qo — aa qi =* a% hqo qi = at -f* hqi . . . g n -i — a n ~i + hqn~t qn — a n + hqn- j. 

The coefficients of A(x) are written in order, 0 being substituted 
for any missing term. Multiply h by qo , writing the product under 
ai, adding, we obtain qi. Now multiply h by q 1} writing the product 
under a 2 ; adding, we obtain q 2 . This process is continued until it 
terminates naturally. 

Where the numbers involved are fairly small, a* and hq^i should 
be added mentally and the work exhibited as follows: 

do di 02 4 dnr~l dn 

h • qo qi qz ■ qn - 1 q «- 

Exomple. Divide Zx h — Sx 4 + x 2 — x + 3 by x — 2. 

Solution: 

1 3 —8 0 1 -1 3 

3 -2 -4 -7 -15 -27. 
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The quotient is 3x 4 — 2 x 3 4x 2 — 7x — 15, and the remainder is 

-27. 

Explanation : Multiply 2 by 3 and add — 8 , obtaining —2; 
multiply 2 by — 2 and add 0 , obtaining — 4 ; multiply 2 by —4 and 
add 1 , obtaining — 7 ; etc. 

The remainder of the division of A(x) by x — A is, by the Re- 
mainder Theorem, A (A). Synthetic division therefore provides a 
method of evaluating A (A) which is frequently more expedient 
than that of substituting x = A in A (x). 

EXERCISES 

1. Divide 

(a) 2x 3 - 3s* - 5x + 8 by x - 1. 

(b) —x 4 + 9$ 3 — 2x 2 4* 10 by x 4- 1. 

(c) 3x* -f x — 6 by x + 2. 

(d) x 3 4- (3 — 2 i)x 2 4- (1 4- i)x — 4 % by x — i. 

(e) x 4 4- 3a; 3 — 2x 4- 7 by x 4” 3. 

(f) — 4x 3 4- 4x 2 — x — . 5 by x — -J. 

2. Find the value of x 4 4* x 3 — 3x 2 — 8x -f 6 forx *1,-1, 2, —3, 1 — i. 

3. Find the value of —x 3 4- 2x — 6 for x = 2, —4, 2 — V3. 

22 . Taylors Series. If A(x) is a polynomial in a field R, 
A (x 4- A) is a polynomial in R(h), h being a new variable. Suppose 
that the expansion of A (x 4- A ) in powers of x is 

(1) A(x 4“ A) = bn 4" 6 ft_jx 4* 6 ft_*x 2 4“ * • * 4" 6 ox n , 

where n is the degree of A(x) and of A(x 4- A), and the 6 ’s are 
functions of A which are to be determined. 

Differentiating (1), we have 

A '(# 4“ A) « 4- Zbnr-zx 4- 36»-^r 2 4 - ... 4 - n&oX n ~ l , 

a"(x 4“ A) =* 26ft^-a 4" ftbn-sZ 4* 126ft- 4 X 2 4“ • • • 4- nin — l) 6 ox"“ 2 , 


AM(x 4- A) = A!6ft 


. + (fc + + (i±il , 6 n _ 4 ^ a! 2 + . . . 

l! 

-;6oX n ~ fc , 


n ! 


(n - A)! 


A (n) (x 4* A) = n!6 0 . 

Substituting x = 0 in each of these equations we have 
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5» = A(h), 6n_x = A'{h), b , 

, A<V{h) 
b ^ k = ~kT > 


,60 = 


AM(h) 

nl 


Therefore 

*4 

(2) A(x + h) = A(h ) + A'(h)x + ^r-* 2 + ■ + 


Replacing x by x — A, we have Taylor’ $ Series: 


(3) ^I(jc) = A(h)+A'(h)(x~h)A 


A"(h) 

2! 


(*-«* + ■ 
, ^ (W) W 

^ 7l! 


{X - A)". 


Taylor’s Series for a polynomial involves only a finite number of 
terms because the (n + l)th derivative of a polynomial of degree 
n vanishes. 

It is found convenient, in practice, to compute the coefficients 
in (3) by synthetic division. It is evident from (3) that when A (x) 
is divided by x — A the remainder is A (A) and the quotient is 


Qi(x) = A '(h) + ^&(x - h) + 


• + 


A^(h) 

nl 


(x — 


Again, the remainder obtained when Qi(x) is divided by x — A -is 
A'(h) and the quotient is 


Qi(x) 


A"(h) , A"'(h) 


2! 


3! 


(x — h) + 


AM(h) 


nl 


(x - A)"“ 2 ; 


etc. The coefficients .in (3), being the remainders of certain suc- 
cessive divisions, are rapidly computed by synthetic division. 

Example: Express A (x) — 2x* — 3x s — x + 4 in powers of 
x — 2. * 

Solution: 2_| 2 —3 0 —1 4 

12 3 10 

5 12 27 

9 30 
2 13 

The answer is 

A(x) = 2(x - 2) 4 + .13 (x - 2) 3 + 30(x * 2) 2 + 27(s - 2) + 10. 



PROPERTIES OF POLYNOMIALS [ Ch. Ill 


the problem been that of expanding A(x + 2), the calcula- 
Jrould have been the same, and the result 

A(x + 2) = 2x 4 + 13x 3 + 30z 2 + 27a: + 10. 

Jmation: The second line indicates that when A (x) is divided 
2, the remainder is 10 and the quotient 

Q x (x) ='2x* + x 2 + 2x + 3. * 



line indicates that when Q x (x) is divided by x — 2, the 
is 27 and the quotient 

Q 2 (x ) = 2x 2 + 5x + 12; 


Fhe remainders of the successive divisions are the required 
ients. 

roots of the equation A (x + h) = 0 are obviously h less 
those of the equation A(x) = 0. The preceding discussion 
provides a solution of the problem of diminishing the 
p an equation by an assigned quantity. 


EXERCISES 

j 2x A + x 3 — x 2 — 5x 4* 9 in powers of x + 3 
by Taylor’s Series, 
by synthetic division. 

|Sven A{x) = 3x 4 — 2x 3 + 6x 2 — &c + 5, express A(x + 2), • 

% and A(x 4* 2V3) in powers of x 
fa| directly, by substitution and expansion. f 
|| by synthetic division. 

(Sven A(x) = x 3 + (1 + i)x 2 — 2ix + 3, express A(x + 1- — i) in 

A{ x) = x 4 — (t + l)x 3 + £ 2 x 2 + (3£ 2 + t)x — t z + t 2 — t, ex- 
:4 2£) in powers of x. 

[ the equation whose roots are 3 less than the roots of the equa- 
ls 6x 2 - 7x 4- 13 = 0. 

pid.the equation whose roots exceed the roots of the equation 
j|s?' — x 4* 9 = 0 by 4. 

Petennine h so that when the roots of the equation 

<k$ n + diX*- 1 + • • * + dn-lX + a n = 0 

Hftbed by h an equation is obtained in which the coefficient of 

ai * 


Ans. h = — 


nao 


i the roots of each of the following equations by a suitable 
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number so as to obtain an equation in which the coefficient of the second 
term is 0. 

(a) 2x 3 + 6x* - x - 4 = 0. 

(b) x 3 - 3s 2 + 8x + 12 - 0. 

(c) x 4 - 8x 3 - 25x 2 - 36^+ 18 - 0. 

(d) s 3 - 3V5x* + (1 4* V5)z - 2 4- 4V5 - 0. 

9. Compute, by synthetic division, the numbers c 0 , • • • , c 4 such that 
2x 4 — x 3 4- 7x 2 — Sx 4- 11 = c&{x — l)(s — 2)(x — 3) 

4* Cix(x — 1)($ — 2) 4- c&(x — 1) 4- osx 4- c 4 . 

10. Compute, by synthetic division, the numbers Co, • * * , c* such that 
x* 4- 3s 3 - 7x 2 4- 13x + 2 - Co*(x + l)(x + 2) (a? 4- 3) 

4- Cix(x 4- l)(x 4- 2) 4* c&(x 4~ 1) 4- c& 4- c*. 

11. Show, with the aid of Taylor’s Series, that if x — r is an m-fold 

factor of A(x), A(x) and its first m — 1 derivatives vanish when x = r, 
while A (m> >{r) 0. 

12. Show that if r is a common root of the polynomials A(x) and B(x), 

M*) l _ A'jx)-] 

B(x)A^ r B'(X)L 

23. Construction of polynomials having assigned properties. 

A polynomial of degree n — 1 has n coefficients and may be deter- 
mined by n conditions which are independent of and consistent 
with one another. Consider, for example, the interpolation problem: 
to construct a polynomial A (x) of degree < n — 1, such that 

(1) A(xi) = yi (t = 1, • • • ,n), 

where X\, • * * , x n ; yi, • * • , ?/* are given, no two of the x’$ being 
equal. If the polynomial 

A{x) = oo ^ n_1 4 - aix n ~ 2 4- • • ' + dn-\ 2X 4- a»-i 
has the stated properties, its coefficients must satisfy the equations 

(2) a&i n ~ l 4- aiXi n ~ 2 4- * * - 4- a^-iXi 4- o»-i = Vi 

(i=l, • * * , n). 

This system of n linear equations in n unknowns (the a’ s) has a 
unique solution if arid only if the determinant 


1 

Xi 

X 1 2 * - • 

Xi ”- 1 1 

1 

*2 

x 2 2 . . • 

X **- 1 1 

1 

Xn 

Xn 2 

Xu 7 *" 1 * 


does not vanish. 
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To prove that this determinant (which is called a Vandermonde 
determinant) does not vanish, let us regard the x’s in (3) as inde- 
pendent variables. When Xi = x,- (i ^ j), two rows of V become 
identical and V = 0. Hence V is divisible by Xi - Xj and there- 
fore by 

(4) H (x% Xj) “ (Xn fan ““ Xi) * (Xn Xn — t) (Xn ““ £n--l) 

i>j X (Xn-1 - Xi)(Xn~l - Xn~i) 

X (Xi - Xi)(x$ — xj 
X (x% — Xi). 

Since the right member of (3) and the right member of (4) have 
the same degree bi(n — 1), 

V ~ klL (xi — Xj) 9 

i>j 

where k is a numerical constant. Now the coefficient of 

X2Xz x £» n ~ l 

is 1 in both (3) and (4). Hence k — 1, and 

(5) V « n (Xi - Xj), 

i>J 

It follows that V vanishes when and only when two of the x’s are 
equal. 

Since no two of the x’s in (1) are equal, 7^0. The system of 
equations (2) therefore has a unique solution, which may be found 
by the usual methods of solving a system of linear equations. 

There are other solutions of the interpolation problem. The 
following is due to Lagrange. We first construct the polynomial 

(6) F(x) = (x — xi)(x — Xi) * • • (x — Xn), 
whose roots are the given x’s. As these roots are distinct, 

F'(xi) 0, (t = 1, * * • , n). 

The polynomial 

y<y(g) 

(* ~ x<)F'(zd 

vanishes when x = xic(k i), since F(x h ) = 0 while Xk Xi 0. 
On the other hand, 

ViF(x) 1 _ Vi F f (x { ) _ 

(x-xJF'iXi) _U,. F'{Xi) ~ Vi ‘ 
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We conclude that 

(7) A{x) —J) {Lagrange^ interpolation-formula ) 

is the required polynomial; for its degree is ^ n — 1, and it as- 
sumes the value yi when x = Xi 

Now suppose that f{x) is a polynomial of unspecified degree 
satisfying the equations 

(8) f(Xi) = yi {i = 1, - • • , n) 

similar to (1). The polynomial f{x) — A{x) vanishes when x — x h 
x = * * * , x = £ n and is therefore divisible by the polynomial 

F(x ) defined by (6). Hence 

(9) /(*) = A(x) + T(x)F(x), 

where T(x) is a polynomial. Conversely, if T(x) is an arbitrary 
polynomial, every member of the system of polynomials (9) satis- 
fies the conditions (8). 

Example . Construct a polynomial f(x) of lowest possible degree 
such that 

/(— 2) =.ll,/(-l) = -11 , m = -5,/(l) - — 1,/'(1) = 5. 
We first construct a polynomial A{x) of degree ^ 3 satisfying 
A(- 2) = 11, A{- 1) = —11, A{ 0) = -5, A(l) = -1. 

In applying Lagrange's interpolation-formula we have 

F{x ) = (x + 2){x + l)a;(a; — 1) = x* + 2x z — x 2 — 2x, 

F'(x ) = 4a; 3 + 6a; 2 — 2x — 2 f 
F'(- 2) = —6, E'(-l) = 2, F'(0) = —2, P'(l) - 6. 

Hence, by (7), 

A(x ) = ^ (x + l)x(x — 1) + — + 2)x(x - 1) 

+ ^|(z + 2){x 4- l)(z - 1) + ~^(x + 2)(x + l)x 
== —5a: 3 — x 2 + 10a; — 5. 

By (9), the lowest degree f{x) can have is 3, in which case T{x) =0 
and f{x) = A(x). But A'(l) = —7, whereas it is required that 
f'(l) = 5. Hence f(x) cannot be of degree 3. Assuming that the 
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degree of f(x) is 4, T(x) must be a constant t, and 

/(x) = — 5x 3 — x 2 + lOx — 5 + t(x 4 + 2a; 3 — x 2 — 2a;), 

/'(x) = — 15x 2 - 2x + 10 + f(4x 3 + 6x 2 - 2x - 2). 

The condition f(l) = 5 yields t = 2. The required polynomial is 
therefore 

/(x) = 2x 4 — x 3 — 3x 2 + 6x — 5. 


EXERCISES 


1. Construct a polynomial A(x) of lowest possible degree such that 

(a) A(0) = 0, A(l) = -1, A(-l) = 3. 

(b) A(-l) = 0, A(0) = 5, A (2) = 1, A(3) = 0. 

(c) A(0) = 1, A(l) = 2, A (2) = 5, 4(3) = 10. 

(d) A(l) = 1, A(2) = 0, A (3) = 0, A(4) = 0. 

(e) A(i) = l + i, A(— i) = 1 - i, A (3) = 2. 

(f) A(0) = t, A(l) = t 2 - 1, A(— 1) = t 2 - 1. 

2. Construct a polynomial f(x) of lowest possible degree such that 

(a) /(- 1) = -4,/(0) = — 1, /(l) = 4,/'(2) = -14. 

(b) /(— 2) = 5, /(— 1) = 0,/(l) = -2, /( 2) = 15, /'( 0) = -3. 

3. Construct a primary polynomial f(x) of lowest possible degree such 


(a) /(0) = — 7,/(l) = -7,/(2) = 9. 

(b) /(— 2) = l,/(3) = —4, /(5) = 8. 

(c) /(- 1) = -2,/(0) = —2, /(l) = 0,/(2) = 16. 

4 . With the notation of the text, show that 


(a) F'(x) = 



Fix) 

X - Xi 


(b) 2 

i=l 


F(x) 

(x - xi)F'(xi) 


1 . 


(c) F'(x i) (Xi - - x 3 ) ■ • (x, - Xn). 

(d) V 2 (~l)i n(n - l) F'(x,)F'(x 2 ) ■ ■ • F'(xn). 
6. Show that if e is a primitive nth root of unity, 


n-1 



^(x- - 1) 
X — «* 


nx 2 , 


(n > 2). 
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THEORY OF EQUATIONS IN THE FIELD OF 
RATIONAL NUMBERS 

24. A program for the study of the Theory of Equations. The 

concept of a field suggests a significant program for the study of 
the Theory of Equations. The first part of this program was partly 
developed in the two preceding chapters and will be resumed in 
Chapter VI. Its purpose is to discover all theorems concerning poly- 
nomials and equations which are valid in all fields. The realization 
of this goal, even in part, results in a great economy of thought, as 
duplications of demonstrations are avoided thereby. 

There are, however, many theorems concerning polynomials and 
equations which are valid and significant in a certain field but are 
false or even meaningless in other fields.* This is due to the fact 
that a particular field may have certain peculiar properties not 
possessed by all fields, from which deductions may be made that 
are inapplicable to all fields. These remarks lead to a formulation 
of the second part of the program : to discover those theorems which 
are valid in a selected field (or class of fields) and which are invalid or 
meaningless in other fields . 

In this chapter the field of rational numbers (which merits spe- 
cial attention because it is a subfield of every number-field) is the 
selected field; in the next chapter the field of real numbers is the 
subject of detailed investigation. 

25. Properties of integers. In studying the Theory of Equations 
in a particular field, particular emphasis must be placed on those 
properties possessed by the elements of the field that serve to dis- 
tinguish the field from other fields. We therefore remark, at the 
risk of repetition, that the field R( 1) consists of all numbers of the 
form pfq, where p and q are integers and q > 0. Without loss of 
generality, we shall suppose the numerator and denominator rela- 
tively prime, so that the fraction is reduced to its lowest terms. 

* For example, the Fundamental Theorem of Algebra (every non-constant 
polynomial has a root) is valid in the field of complex numbers, but is invalid in 
the field of real numbers. On the other hand. Theorem 1 of this chapter is 
utterly meaningless when applied to the field of complex numbers. 

59 
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Since a rational number is essentially an ordered pair of integers, 
the properties of integers investigated in Arithmetic may be ex- 
pected to play a prominent part in this chapter. We therefore state 
explicitly the following arithmetical theorems to which we shall 
have occasion to refer: 

1. The sum, difference, and product of two or more integers is 
an integer. 

2. If the product ab of two integers a and b is divisible by the 
integer c, and a and c are relatively prime, then b is divisible by c. 

26 . Determination of rational roots. One of the general prob- 
lems of the Theory of Equations in a field is: to find all the roots in 
the field of a given equation in the field. We do not demand an 
explicit formula for the roots of an arbitrary equation in the field 
in terms of its coefficients. The problem is considered solved if a 
method is provided for finding the roots by means of a finite num- 
ber. of calculations. The following theorem provides a complete 
solution of this problem for the field of rational numbers. 

Theorem 1. If a rational number, reduced to its lowest terms , is a 
root of an equation with integral coefficients, the numerator of the 
number is a divisor of the constant term of the equation , and the de- 
nominator is a divisor of the leading coefficient. 

Let 

a oX n + aiX nmml + • * • + Cin-lX + On =5 0 

be the equation and p/q the root in question. By hypothesis the 
a's are integers and p and q are relatively prime. Substituting 
x = p/q in the equation, we obtain 

dop n + a^-'q + + a^ipq^ 1 + a^q 71 = 0 . 

Dividing by p, we have 

+ aqr*q + + = 0 . 

V 

By Property 1 of § 25, Onq n /p is an integer. Since p and q n are rela- 
tively prime, On is divisible by p by Property 2. 

In a similar manner we infer from the equation 
a 0 p . „ ^ , 

q + a iP 1 + • • * + a n ^ipq n ~ 2 + a n ^ n_1 = 0 

that a 0 is divisible by q. 

An equation in i£(l) may be transformed into one having only 
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integral coefficients by multiplying the equation by a suitable 
integer. Since no root of the equation is altered thereby, there is 
no loss of generality in supposing that an equation in R( 1) has. 
integral coefficients. The leading coefficient may be supposed to 
be different from 0 in any case. If the final coefficient is 0, 0 is a 
root of the equation. If 0 is an m-fold root, an equation whose 
final coefficient is different from 0 is obtained on removing the 
factor x m . 

We now suppose we have an equation with integral coefficients, 
whose leading and final coefficients are different from 0. Since 
every integer, except 0, has only a finite number of divisors. 
Theorem 1 limits the problem of finding the rational roots of the 
equation to a finite number of trials. The number of trials depends 
upon the number of divisors of the leading and final coefficients of 
the equation. Several devices for minimizing the number of neces- 
sary calculations are described in the following illustrative example. 

Example . Examine the equation 


4z 5 + 16a: 4 + 9x 3 - 35x 2 - 5br ~ 18 = 0 


for rational roots. 

The only possible rational roots are those numbers whose numer- 
ators are divisors of 18 and whose denominators are divisors of 4, 
viz., 1, 2, 3, 6, 9, 18, i, f , f, i, f , f , and their negatives. Denoting 
any one of these numbers by r } and the left member of the equation 
by f(x)j we divide /(z) by x — r; if a zero remainder is obtained, 
r is a root. The necessary calculations are most conveniently per- 
formed by synthetic division, the work being exhibited as follows: 



4 

16 

9 

-35 

-51 

-18 

1 


20 

29 

-6 

-57 

-75 

2 


24 

57 

79 

107 

196 

-1 


12 

-3 

-32 

-19 

1 

-2 

4~ 

8 

-7 

-21 

-9 

0 

-3 


-4 

5 

-36 

99 


i 


10 

—2 

-22 

-20 


t 


14 

14 

0 

-9 




6 

-10 

-16 

-1 



4 

2 

-10 

-6 

0 



2 

1 

-5 

- 3 



-t 


-2 

-2 

0 
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Explanation: We first examine the equation for positive integral 
roots, the only possibilities being the positive divisors of 18, On 
dividing by x — 2, we observe that the numbers obtained (the 
coefficients of the quotient, and the remainder) all have the same 
sign and discard all numbers larger than 2 as possible roots (in 
particular 3, 6, 9, and 18). This rule will be justified in the next 
chapter. Turning to the negative divisors of 18, we find that -2 
is a root, and that 

f(x) = (x + 2) (4a 4 + 8z 3 - 7s 2 - 21x - 9). 

All other roots of the proposed equation must be roots of the 
depressed equation 

4x 4 + g x 3 _ 7x 2 _ 2Lr - 9 = 0. 

Having found that the proposed equation has no positive integral 
root, it is unnecessary to examine the depressed equation for posi- 
tive integral roots: we simply continue our synthetic divisions, em- 
ploying the depressed equation instead of the proposed equation. 

After a root r has been found, the depressed equation should be 
examined with a view to determining whether it also has r as a 
root; if so, r is a multiple root of the proposed equation. In the 
present example, no such examination is necessary because 2 is 
not a divisor of the constant term of the depressed equation. We 
therefore proceed to —3, and here observe that the signs of the 
numbers obtained alternate; all smaller numbers (—9 in par- 
ticular) are accordingly discarded as possible roots. This rule will 
also be justified in the next chapter. 

We next turn our attention to the possible roots which have 2 
as a denominator. We find that — | is a root, and that the new 
depressed equation is 

ix 3 + 2x 2 — lOx — 6 = 0. 

After removing the common factor 2 from the coefficients of this 
equation, — f is tried again and found to be a root. We now have 
the quadratic equation 


2s 2 - 2x - 2 = 0, 
x 1 — x — 1 = 0, 


or 
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which should be solved directly. Its roots are (1 =±= V§)/2, which 
are irrational. 

The proposed equation therefore has exactly three rational 
roots: —2, — §, — f. 


EXERCISES 

1. Examine the following equations for rational roots: 

(a) x 3 + 3x 2 - 4x - 12 = 0. 

(b) x 4 - 3x 3 + 10x 2 - 16* = 0. 

(c) x 4 + 5x 3 + 9x 2 4- 8x + 4 = 0. 

(d) 4x 4 — 8x 3 4* 17x 2 - 13x + 3 =0. 

'(e) 12x 3 - 20x 2 - x + 6 = 0. 

(f) Ox 4 + 7x $ - 7x 2 - 3x + 2 = 0. 

(g) 3x 5 - 2x 4 + 3x - 2 = 0. 

2. Show that 

\2 +.-^W3 + V 2 — -V-V 3 (real cube roots) 

is a rational number in disguise. [Find a cubic equation satisfied by this 
number. See p. 20, Example 5.] 

3. Show that V2, \5, V3 + VS, and Vl + V5+^l - V2 are irra- 
tional numbers. 

4. Find three consecutive integers the sum of whose reciprocals is 

5. By what number h must each of the roots of the equation 

x 3 + 2x 2 - llx - 8 - 0 

be increased in order that the product of the increased roots be 4? 

6. Find the dimensions of a rectangular box having a volume of 40 cu. 
ft. if the length exceeds the width by 1 ft. and the depth by 3 ft. 

7. (a) Show that the lengths of the three edges of a rectangular box 
satisfy the equation 

x 3 — . VZ 2 4- Ax 2 + %Ax — V = 0, 

where l is the length of the diagonal of the box, A its total area, and V its 
volume. 

(b) Find the dimensions of a box, given l = 7, A =72, V = 36. 

8. Find three numbers whose sum is 8,^ whose product is 12, and the 
sum of whose squares is 26. [Find a cubic equation satisfied by the three 
numbers, using the relations between the roots and coefficients.] 

9. Find five numbers in geometric progression whose sum is -Mp and 
whose product is 1. 

10 . Determine k so that one root of the equation 
\ x 3 + 9x 2 + kx + 24 = 0 

shall be twice another; and find the roots. 
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11. Find all values of k for which the polynomial 

X* - 3 kx + 2^ + 8 

A 7 A — '3 * V—7 

hfljg a repeated factor. Ans. /c — 4, 

12. Prove the following theorem, which is analogous to Theorem 1. 
Theorem 2. If P(y) and Q(y) are relatively 'prime polynomials in afield 

R } and P(y) IQ(y) is a root of the equation . 

A<*(y)x n + Ai(y)x n ^ + • * * + A n ~Ay)x + A n (y) = 0, 

whose coefficients are polynomials in R f then P(y) is a divisor of A n (y) and 
Q(y) is a divisor of A 0 (y). 

13. Solve the equation 

(y + l)z 3 + (2y* -b 5 y* 4- 4 ij)x 2 + (6y* + 8*/ 3 — 32/ — l)x 

- 6 y* — 2y 2 =* 0 

for x with the aid of Theorem 2. Ans. x = —2y 2 , — 3a/ — 1, ^ ^ 

14. Show that the equation 

4x 3 — Zx — y — 0 

is irreducible in the field R(y) of rational functions, with coefficients in the 
field of complex numbers, of the variable y . 

15. Why would a theorem analogous to Theorem 1 be meaningless in 
the field of complex numbers? 

27. Reducibility of polynomials. Another problem of the Theory 
of Equations in a field is: to determine whether a given polynomial 
is reducible or irreducible in the field. This problem was solved 
completely by Kronecker for the field of rational numbers. We 
shall not describe Kronecker’s solution here, as the required compu- 
tations are usually prohibitive. Instead, we shall prove a few 
theorems which are useful in discussing the irreducibility of poly- 
nomials in R( 1). 

By direct multiplication we find that if 

(1) A(x) = B(x)C(x), 
where 

A(x) = a& n + &ix n_1 + 

(2) J3(x) = hox r + hiX 7 ^ 1 + 

C(x) — C<&* + CiX 9-1 + 

then r + s = n, and 


+ Un-lX + On, 

4- hr- lX 4- br, (aoboCo ^ 0) 
4- c,_ ix 4- c„, 
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CLO = boCOj 

a± = boCi + biCo , 

02 = bo<h + biCi + bzCo, 


(3) a, — boCg + 2>iC a _i -f- * * * , 

Oft-2 = br-2C 8 + 6 r _iC«_i + brCg—2) 

dn — 1 “ &r — lC« I b r Cg—ij 

On = &r£*. 

The student should carefully note the law of formation of these 
equations. The general equation of the set (3) is 

(4) a k = b 0 c k + hie*-! + + b^Ct + b k c 0 , 

in which all the b’s with subscripts > r and all the c’s with sub- 
scripts > s are to be equated to 0. This equation may also be 
written 

(5) a u+v = b u c v + h u _iC u+ i + b u _ 2 c v+2 + * • * 

+ bu+l C V~l + bv+2 C V~2 “f" “ * * f 

the series terminating naturally. 

A polynomial with integral coefficients is primitive if the g.c.d. 
of its coefficients is 1; in the contrary case the polynomial is im- 
primitive. 

Theorem 3. (Gauss.) The product of two primitive polynomials 
is a primitive polynomial. 

With the preceding notation, let B(x) and C(x) be primitive 
polynomials, and suppose that, contrary to the theorem, A(x) is 
imprimitive. Then there exists a prime number p which is a divisor 
of all the a’s. Since B(x) and C(x) are primitive polynomials, each 
of them has at least one coefficient which is not divisible by p. Let 
b u and c v be the coefficients of smallest subscripts of B(x) and C(x) 
respectively that are not divisible by p. Evidently, u >: 1 and 
t; > 1. Since p is a divisor of each of the integers a u+v , b u+1 , b u + 2 , 
• • * , c v +i, c v + 2 } * * * , it follows from (5) that p is a divisor of 
b u c Vf and hence of either 6* or c v . This being contrary to assump- 
tion, it follows that A (x) is a primitive polynomial. 

Theorem 4. (Gauss.) A polynomial with integral coefficients, 
which is reducible in R( 1), can be expressed as the product of two 
polynomials with integral coefficients. 
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Let A(x) be the given polynomial. By hypothesis 
A(x) = B(x)C(x), 

where B(x) and C(x) are polynomials in j?(l) of degree > I. Let 
h and k be the least common denominators of the coefficients of 
B{x) and C(x) respectively. Then 

B,(x) = kB(x), Ci(x) = UC(x) 

are polynomials with integral coefficients, and 

hkA(x) = BitoCib). 


Let d a , dt, and d c be the g.c.d.’s of the coefficients of A{x), By{x), 
and C\{x) respectively. Then 


A(x) 
d a ' 


Bz(x) = 


Bijx) 
d b ’ 


C*(») = 


Ci(z) 

da 


are primitive polynomials, and 

dM A(p) BAp) CiCg) 

f dbdc da 


B 2 (x)C 2 (x). 


d b da 

By Theorem 3, the left member is a primitive polynomial; therefore 


d a llk 


1. 


Hence 


„ /.n _ B 1 (x)G 1 (x) d b B 2 (x) • d c C 2 (x) 

A{ ) ~ hi* T& ~ 

= U • B 2 {x)C 2 (x) = [daB 2 (x)]CAx), 

where daB 2 (x) and C 2 (x) are polynomials with integral coefficients, 
whose degrees are equal to those of B(x) and C(x) respectively. 

4 Theorem 5. (Eisenstein.) A 'polynomial 

A(x) = aox n + aix n ~ l + • • • + On-xX + 


with integral coefficients is irreducible in R(l) if there exisU 
number p which is a divisor of all the a } s except a 0 , and p l 


a prime 
is not a 
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If possible, let A (:r) = B(x)C(z), where B(x) and C(x) are poly- 
nomials of degree > 1 with integral coefficients (Theorem 4). Let 
(1) be the explicit forms of these polynomials. 

Since On is divisible by p but not by p 2 , one and only one of the 
integers b r and c s is divisible by p (see the last of equations (3)). 
We suppose that b r is divisible by p while c a is not divisible by p. 
It follows from the next to the last of equations (3) that, since 
On_i and b r are divisible by p while c t is not divisible by p, 6 r „i is 
divisible by p. In the same way, it follows from the immediately 
preceding equation that b r - 2 is divisible by p. Continuing thus, 
we finally infer from 


cl 9 ~ boc, + + • * • 


that bo is divisible by p. It follows from the first of equations (3) 
that a 0 is divisible by p, contrary to assumption. Therefore A(x) 
is irreducible in 12(1). 

Example . Prove that the polynomial 

x p-* 1 + x*- 2 + + x + 1, (p prime) 

is irreducible in 12(1). 

Denoting this polynomial by F(x), we have 



The roots of F(x) are therefore the primitive pth roots of unity. 
Eisenstein's Theorem cannot be applied directly to F(x), since all 
its coefficients are 1. However, F(x) and F(x + 1) are simul- 
taneously reducible or irreducible. For if F(x) = Fi{x)F 2 (x) 1 
F(x + 1) = F& + 1 )F 2 (x + 1); and if F(x ■+- 1) « Qi(z)G*(x), 
F(x) = Gi(x — 1)G 2 (x — 1). Now 

Pfr , n _.(* + l)’-l (z + l)*-l 
^ + D - (s + lj -i 

x + •px v ~ 1 + -f . - . -f- _|_ p t 

each of whose coefficients, except the first, is divisible by p, while 
the last is not divisible by p 2 . Therefore F(x) is irreducible in 
«( 1 ). 
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EXERCISES 

Show that the following 'polynomials are irreducible in R( 1). 

1. X* — p, where p is a prime number. 

2. x 4 + 4Jc + 1, where h is any integer. [Replace x by x + 1.] 

3. x 4 + 4x + 1. 

4. 2x 4 + 5x 3 + 6x 2 + 5a: - 4. 

5. 3a; 4 + 3x + 1. [Replace x by 1/x.] 

6 . & + px + 1, where p is a prime > 2. 

7.1 + * + |j+g+. +2J, (p prime). 

8. a* + (1 + x) m + (1 — x) m , (m ^ n). 



CHAPTER V 


THEORY OF EQUATIONS IN THE FIELD OF REAL 
NUMBERS 

28. Introduction. As noted in § 24, the first step in the prepara- 
tion of the study of the Theory of Equations in a particular field 
consists of a declaration and elucidation of those properties of the 
field which distinguish the field from other fields. We therefore 
remark at this point that the field of real numbers is ordered and 
compact . These properties will be fully described in the next two 
sections. 

The field of real numbers is not the only field which is ordered 
nor the only field which is compact. For example, the field of 
rational numbers is ordered and the field of complex numbers is 
compact. But the field of real numbers is the only number-field 
which is both ordered and compact. The reader should bear this 
statement in mind throughout this chapter, observing how these 
properties enter into our investigations and why the results ob- 
tained are invalid or meaningless in other fields. Moreover, it may 
be pointed out that it is because the field of real numbers is ordered 
and compact that this field plays an important r61e in other 
branches of mathematics such as Analytic Geometry and the 
Calculus. 

29. Ordered fields. Any two distinct real numbers have the 
property that one is less than the other. The real numbers may 
therefore be arranged in a definite order by agreeing that a is to 
precede b if a < b; then b > a, and b is said to succeed a. The order- 
ing of the real numbers has the following properties {axioms of 
order ) : 

1. If a < b, then a 9 *b. 

2. If a 6, then either a < b or a > 6. 

3. If a < b and b < c, then a< c. 

4. If a < 6, then a + c < b + c. 

5. If a > 0 and b > 0, then ab > 0. 

Here a, 6, and c are real numbers. In reading the axioms of order 
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the symbols < and > should be read “ precedes ” and “ succeeds ” 
respectively rather than “ is less than ” and “ is greater than ” 
respectively. 

An ordered field is one for which it is possible to define the rela- 
tion < and the converse relation > for any two elements of the 
field so that the preceding axioms of order are verified for any 
elements a, b, and c of the field. 

Every subfield of the field of real numbers is clearly an ordered 
field. But the field of complex numbers cannot be ordered. For in 
the contrary case we should have either i > 0 or i < 0. If i > 0, 
i 2 > 0 by Axiom 5; or —1 > 0. Applying Axiom 5 again, we have 
1 > 0. On the other hand, adding 1 to both members of the in- 
equality — 1 > 0, which is permissible by Axiom 4, we obtain 

0 > I. We now have 1 > 0 and 0 > 1, from which it follows by 
Axiom 3 that 0 < 0, which violates Axiom 1. The assumption that 

1 < 0 also leads to a contradiction. Therefore no field which in- 
cludes the number i can be ordered. 

30. Compactness. An infinite sequence of real numbers 

(1) ttl, d2j 

converges if, corresponding to any positive number e, an integer n 
can be found such that 

(2) u n +p On | < < 

for every p > 0; otherwise the sequence diverges. It is to be empha- 
sized that the choice of n depends upon e, whereas p is independent 
of c. If a sequence converges it is possible to find a term of the 
sequence Isuch that the difference between this term and any subse- 
quent term is numerically less than any preassigned positive num- 
ber, no matter how small. 

The infinite series 

Ci + C2 + Ca + * ■ • 

of real terms converges or diverges according as the sequence 

Cl, Ci + C2, Ci + C 2 + C3, * * * * 

converges or diverges. 

The sequence (1) has the limit l if, corresponding to any positive 
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number e, an integer n i can be found such that 
(3) 1 1 - a« | < « 

for every integer n > ni* 

As a simple example, let us consider the sequence 

1; h h i, ‘ * * - 


To prove that the sequence converges we must produce, corre- 
sponding to any e > 0, an integer n such that 

4 - << 

n + p n 

for every integer p > 0. Choose n as the smallest integer > 1/e. 
Then 


0 < 


Hence, for every p > 0, 


7 < ~ < €. 

n + p n 


I n + p 


< €. 


The sequence therefore converges. 

The limit of the sequence is evidently 0. To prove that this is the 
case, we must produce an integer ni corresponding to any given' 
e > 0, such that | 0 — 1/n | < e for every n > 7ii. Choose as 
the smallest integer > l/c. Then, if n > n h 



n n ni 


The property of compactness possessed by the field of real num- 
bers is expressed by the 

Theorem 1 . If a sequence of real numbers converges , there exists 
a real number which is the limit of the sequence . t 
The point is that the field of real numbers does not have to be 
enlarged in order to admit those numbers which are limits of con- 
vergent sequences of real numbers: all such limits are already in 
the field. This is not the case for any subfield of the field of real 


*The preceding definitions are readily extended to the field of complex 
numbers. 

t A similar theorem is valid in the field of complex numbers, which is there- 
fore & compact field. 
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numbers. It is not true that the limit of a convergent sequence of 
rational numbers is a rational number. For example, in the process 
of extracting the square root of 2 a convergent sequence of rational 
numbers 

1, 1.4, 1.41, 1.414, 1.4142, • • * 

is obtained, whose limit is an irrational number, namely V2. The 
property of compactness distinguishes the field of real numbers 
from its subfields. 

A rigorous proof of Theorem 1 is beyond the scope of this book, 
requiring a close examination of the axioms of the real number 
system, and will therefore be omitted. 

31. Continuity. A function of a real variable x is continuous at 
x = c if, corresponding to any given e > 0, a 5 > 0 can be found 
such that 

I fix) -/(c) I <« 


for every x satisfying | x — c | < 8 . This definition expresses with 
precision the idea that a continuous function varies slightly when, 
its argument varies slightly. 

A function fix) is continuous in an interval if it is continuous 
for every value of x in the interval. If f(x) is continuous in an 
interval, the curve y = f(x) is continuous in the interval. This 
may be taken as a definition of continuity of a curve in an interval. 
However, the reader has intuitive notions as to what a continuous 
curve is, and he should satisfy himself that the preceding analytic 
definition conforms to his intuitive notions. 

Theorem 2. A polynomial in the field of real numbers is a con - 
tinuous function of its argument. 

If A(x) is a polynomial of degree n, 


A(x) - A{c ) = (x - c)A'(c) + (x - c) 2 + * 


+ (x — c)' 


AM (c) 

«! 


Let M be a positive number greater than the absolute value of 
each of the coefficients of the right member of this equation. Then 

\ A(x) — A(c) \ < M \ x — c [ [l + | $ — c|+|rc--c| 2 + • * • 

+ I X — c l" -1 ]. 
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The expression in the brackets is a geometric progression whose 
sum is 

^ _ | x — £ | - 

. which is less than . , , if I x — c I < 1. 

1 — \ x — c\ 3 1 — I a? — cl 1 1 

Corresponding to any assigned € > 0, let 8 = e/(M + e) which is 
clearly < ,1. Hence for every x such that | x — c ) < 5, 

It follows from the definition that A (x) is continuous at x = c. 

Theorem 3. If A(x) = a$x n + mx n “ x + • • • + On^x + On is 
a polynomial with real coefficients , then 

(1) A(o o) = lim A(x) = + if a Q > 0, and — °o if a 0 < 0; 

X — *■ so 

(2) A(— cc) = lim A(a;) = +°° if (—1 ) n a 0 > 0, and 

— co if (—l) n ao < 0. 

(1) means that if P is any preassigned positive number, no mat- 
ter how large, a real number x Q can be found such that for every 

X ^ Xq 

A (x) > P if a 0 > 0, A(x) < —P if a 0 < 0. 

(2) means that if P is any preassigned positive number, no matter 
how large, a real number xo can be found such that for every 
x ^ Xq 

A(x)>P if (— l) n a 0 > 0, A(x) < -P if (-^l) n a 0 < 0. 

Hence, A (x) has the same sign as ao for all sufficiently large positive 
values of x, and A{x) has the same sign as (—l) n a 0 for all suffi- 
ciently large negative values of x. 

To prove the theorem, let 

f(x) = a& '+ a# 2 + * • * + a* x n , 

so that 

A(x) = z*[a Q +f(lfx)). 

Since /( 0) = 0 and f(x) is continuous at x — 0, a 5 > 0 can be 
found corresponding to any preassigned e > 0 such that 

I K x ) | < € for every x such that | x | < 8. 
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Choose e so that 0 < e < \ a a |. Then a 0 + e has the same sign 
as a 0 . Hence a„ + /( 1/x) has the same sign as o 0 for every x such 
that | a; | >1/6. The theorem now follows from the observation 
that 

lima:” +°°, lima:' = (— l) n °o. 

X—>BO 

32. The fundamental property of continuous functions. 

Theorem 4. If fix) is continuous between x = a and x — b and y 
is a real number between f(a) and f(b ), the equation fix) — y has at 
least one real root between a and b. 

The proof of this fundamental theorem will be omitted.* Let 
the reader interpret the theorem graphically and appeal to his 
intuitive notions of continuity. 

EXERCISES 

1. Show by an example that a false proposition is obtained when 
4 ‘rear’ is replaced by “rational” in Theorem 4. 

2. Show that if fix) is a real continuous function between x — a and 
x » b and if f(a) and f(b) have opposite signs, the equation fix) — 0 has 
at least one real root between a and b. Illustrate graphically. 

3. Show that a polynomial with real coefficients, whose leading and 
final coefficients have opposite signs, has at least one positive root. Illus- 
trate. [Apply Theorems 3 and 4.] 

4. Show that every positive real number has exactly one positive real 
nth root, where n is any positive integer. 

' 5. If fix) = x 2 + Sx — 5, then /(— 2) — —7 and/(2) = 5. According 
to Theorem 4 each of the equations 

fix) = -6, fix) = -1, fix) = 0, fix) = 4 

has a real root between —2 and +2. Verify by finding these roots. 

6, Although tan x/4 = 1 and tan 3 t/ 4 = —T, the equation tan x = 0 
has no real root between x/4 and 3x/4. Explain. 

7. Prove: If 

f(x) = ix - r)™g(x) {g(r) 0) 

where r is a real number and gix) is a polynomial with real coefficients — in 
other words , if r is a root of multiplicity m of fix) — then fix) does or does not 
change sign in an interval containing r and in which gix) preserves its sign, 
according as mis odd or even. 

* The reader who wishes to see what is involved in a rigorous proof of this 
theorem may consult G. H. Hardy, A Course of Pure Mathematics , third edition 
(1921), p. 179. 
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8. Prove: (a) If f(x) is a polynomial with real coefficients and f (a) and 
f(b) have opposite signs , then the equation f(x) ~ 0 has an odd number of roots 
between a and b , each multiple root being counted to its degree of multiplicity. 

(b) If f(a) and f{b) have the same sign, the equation fix) — 0 has no 
root or an even number of roots between a and b , each multiple root being 
counted to its degree of multiplicity . 

9. Prove: Every polynomial of odd degree with real coefficients has at 
leasione real root [Use Theorem 3 and Ex. 8 (a).] 

10. Give examples of functions which do not have the property of 
polynomials described by Theorem 3. 

33. Rolle’s Theorem. Let Xx and x 2 be two consecutive roots of 
a polynomial fix), so that fix) has no root between Xi and x 2 ; and 
let xi be a root of multiplicity mi and X 2 a root of multiplicity mj>. 
Then 

(1) fix) = (x - Xi) m '(x - x 2 ) n *g(x), 

g(x) being a polynomial which does not change sign between Xi 
and x 2 inclusive. Differentiating (1) we obtain 

(2) fix) = (x — Xi) m <x — x 2 ) m *g'{x) 

+ [mi(x — xi) mr_1 (x — x 2 ) OT2 4- rrt^ix — — x 2 ) ff * 2 ~ l ]< 7 (x) 

— (x — Zi^-'ix — x 2 ) 7n2 ~ 1 F(x), 

where 

F(x) = mi(x — x 2 )g{x) + m 2 (x - x x )g(x) + (x - xO(x — x 2 )g r (x). 
Substituting x — X\ and x = x 2 we obtain 

(3) Fix 1 ) = mi(xi — x 2 )g{x 1 ), F{x 2 ) = rrhixi - x x )g{x 2 ). 

Since g(x) has no root between x x and x 2 inclusive and preserves 
its sign in this interval, F(xi) and E(x 2 ) have opposite signs by (3). 
Therefore F(x) has an odd number of roots between x x and x 2 . It 
follows from (2) that the same is true of fix). 

Theorem 5. (Rolle.) Between two consecutive real roots of a 
polynomial with real coefficients there is an odd number of roots of its 
derivative , and hence at least one. 

Interpreted graphically, Rolled Theorem asserts that the curve 
y ^ fix) has at least one maximum or minimum point between 
xi and x 2 . The theorem is valid for any continuous real function 
of a real variable whose derivative exists throughout the interval 

.[* 1 , X 2 ]. 
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* EXERCISES 

1. Verify Rolled Theorem for the polynomials 

(a) x 2 - 3x + 2. • (c) x 4 - I. 

(b) s® - 6x 2 4- llx - 6. (d) z 3 + 2x 2 - 1. 

2. Show that at most one root of /(x) lies between two consecutive 
roots of /'(x). 

3. Show that at most one real root of }{%) is greater than the largest 
real root of f'(x); and that at most one real root of f(x) is less than the 
smallest real root of f'(x). 

4. Show that if /(x) has r real roots, its /cth derivative has at least 
r ~ k real roots. 

6. Show that if the Jcth. derivative of f(x) has exactly s real roots, 
f(x) has at most s + fc real roots. 

6. Show that the equation z 3 — 3x 2 + &x l = 0 has one negative 
and two imaginary roots. 

7. Show that the equation x 4 + x 3 + x 2 -f x — 1 =0 has one positive, 
one negative, and two imaginary roots. 

8. Show that the equation x B + 5x + 1 = 0 has one negative and four 
imaginary roots. 

9. Show that if Oi, • • • , ^ 2) are positive numbers, and 

hi, • • • f bk are real numbers, at least two of which are distinct, the 
equation 

fli(x + &i) n + ° 2 (x + b 2 ) n + * • • + ak(x + bk) n — 0 
has no real root if n is even and exactly one real root if n is odd. 

10. Show that the equation 

(x + l) n + (X - l)n - 3 = 0 

has exactly one real root if n is odd and exactly two real roots if n is even. 

11. Show that if Xi and xi are two consecutive roots of a polynomial 
f(x) with real coefficients, then f'(x J and /'(x 2 ) have opposite signs if 
neither vanishes. Illustrate graphically. [Use (2) and (3), observing that 
rft\ = m 2 — l and that/'(x) = F(x).] 

12. Show that if all the roots of a polynomial f(x) are real and distinct, 
f'(x) cannot have any multiple roots. 

13. Assuming that Rolle's Theorem is true for continuous, differentiable 
functions of a real variable, show that the equation 

x 2 — x sin x — cos x = 0 
has exactly two real roots. 

14. Show by an example that a false proposition is obtained when 
“ real n is replaced by “rational ” in Theorem 5. 

15. The function f(x) = x — lfx vanishes for £==*=* 1 but its deriva- 
tive/ 7 ^) = 1 + l[x 2 has no real root. Explain, and illustrate graphically. 
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16. Verify that ^ 1 are roots of the polynomial 

fix) = x 3 -f ix- — x — L 

Show that fix) has no root between —1 and +1. Explain. 

17. (a) Show that if Ci, (%, * * • , c* are distinct real numbers the 
equation 

f{x) = (x - Cl)' 1 + (x - Ca) -1 + • * * + (x - Cn) -1 =* 0 
has n — 1 distinct real roots. [Observe that if 

A{x) = (x - ci)(s - C 2 ) • * • (x - c m ), 
then /(x) = A'(x)/A(x).] 

(b) Show that/'(x) has no real root. 

(c) Are these two results inconsistent with Rolle’s Theorem? 

34. Graphs of polynomials. The following example will serve as 
an illustration of the method of sketching the graph of a polyno- 
mial. 

' Example . Trace the curve 

V = /(*) = 3x 4 - 2a: 3 - 36x 2 + 36x - 8, 

and derive therefrom information concerning the roots of f{x) = 0. 
We have 


fix) = 12x 3 - 6x 2 - 72x + 36. 
f"(x) = 36x 2 - 12x - 72. 

The roots of fix) — 0 are i, V§, and — V6, which are the abscissas 
of the critical points; the corresponding ordinates are If, —116 
-f 24V6 = —57.2, and —116 — 24 V6 = —174.8 respectively. 
The roots of /"(x) = 0 are (1 + V73)/6 — 1.6 and (1 — V 73)/6 
— —1.3, which are the abscissas of the points of inflection; the 
corresponding ordinates are —30.4 and —98.5 respectively. 

A table of valves is now constructed: 


x : 


y 

0 

3 -2 

-36 

36 

-8 

1 

1 

-35 

1 

-7 

2 

4 

-28 

-20 

-48 

3 

7 

-15 

-9 

-35 

4 

10 

4 

52 

200 

-1 

-5 

-31 

67 

-75 

-2 

-8 

-20 

76 

-160 

-3 

-11 

-3 

45 

-143 

-4 

-14 

20 

-44 

168 
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The first row expresses the obvious fact that /( 0) = —8. The val- 
ues of f(x) for x = =*= 1, =*=2, • are found by synthetic divi- 
sion. We stop with x = 4 because all the numbers appearing 
in this row (including the initial 3 which it is unnecessary to 

write in each row) have the same 
sign. We stop with —4 because 
the numbers which follow it 
alternate in sign. 

These points, as well as the 
critical points and the points of 
inflection, are then plotted, the 
unit on the y-axis being taken as 
■jjVth that on the x-axis in order 
that the graph may be kept 
within the available space. The 
graph (Fig. 7) is completed by 
connecting the points by a smooth 
curve. 

It is seen from the graph that 
there are four real roots of 
f(x) = 0, one in each of the in- 
tervals [-4, —3], [0, *], [*, 1], 
[3, 4]. The two real roots in the 
interval [0, 1] would probably 
have been overlooked if the criti- 
cal points had not been x plotted. 

36* Bounds for real roots. The table of values of a polynomial 
f(x)j if constructed according to the stated rules, provides an in- 
terval within which all the real roots of fix), if there are any, must 
lie. These rules will now be established. 

Eet f(x) be a polynomial with real coefficients and degree n, and 
let c be a real number ^ 0. Let q n be the remainder and 

Q(x) = qox*- 1 + q x x n ~* q n ^ x + q^ 

the quotient of the division of f(x) by x — c; and suppose that all 
the q’s have the same sign. For definiteness we shall suppose that 
all the q’s are positive. We have 

fix) = \x - c)Q(x) + q n , 
where q n — f(c) by the Remainder Theorem. 



Fig. 7 
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Let xi and X 2 be two real numbers such that x 2 > x x > c. Then 
x 2 — c > Xi — c > 0, 

and 


^ qjcXi 71 *^ 1 (k = 0, 1, • • • , n — 1). 

Hence/by addition, Q(aa) > Q(x x ). It follows that 

(x 2 - c)Q(a&) + q n > (x! - c)Q(xi) + q n , 

or f(x 2 ) >/(x i). Therefore if x increases from any value > c to 
a larger value, f(x) remains positive and continually increases. 
Similarly, when all the q’s are negative, if x increases from any 
value > c to a larger value, fix) remains negative and continually 
decreases. Consequently f(x) cannot vanish if x > c. 

The rule for the lower bound of the real roots of f(x) is obtained 
by applying the preceding result to the polynomial f(~-x) 3 whose 
roots are the negatives of those of f(x ). 

EXERCISES 

1. Sketch the graphs of the following polynomials and locate their roots. 

(a) x z — 3x 4- 2. 

(b) - 2x 3 + 9s 2 - I2x -f 4. 

(c) 2x* - 3a: 2 4- 6a: + 2. 

(d) s 3 - 3x 2 4- 3x + 3. b 

(e) x 4 - 2x* - 2x i 4- 6x ~ 1. 

(f) 2x 4 - 4a; 3 - 18a; 2 4- 15x - 3. 

(g) x 4 - 4a; 3 4- 6x 2 4- 2&r 4- 17. * 

(h) 3x 4 - 4x 3 + 6x 2 - 12x 4- 9. 

(i) x 4 + 4z + l. 

G) 2x 4 4- 3a: 3 + 6a; 2 4- 11a: - 10: 

2. Show that the ordinates of the maximum and minimum, points of 

y — f(x) — x z 4- 3-ffa; 4- G 

(if there are any) are 

?/i - 2 + G, yt =. -2 EN=H 4- G. 

Let A = G 2 4 - 4JT 3 . Observing that A = 2/12/2, prove that f{x) has 

(a) exactly one real root if A > 0. 

(b) three real roots if A < 0. 

(c) at least two equal roots if A = 0. (Compare with Ex. 4 (b), 

p. 50.) 
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3. Determine all values of a for which the equation 

x 3 -f- <3^ “H ^ ~f" 1 — 0 

has a double root. 

4 . Show that if c is any real number the equation 

2x z -f 3x 2 + 6x + c * 0 

has only one real root. 

36. Isolation of the real roots of an equation with real coeffi- 
cients. The real roots of an equation are said to have been isolated 
if one or more intervals have been found such that each real root 
is contained in one of these intervals and each interval contains 
only one root. For example, the roots of the equation 

3z 4 - 2x s - 36x 2 + 36z - 8 = 0 

were isolated in § 31. It was found that each of the intervals 
[—4, —3], [0, J], ft, I], [3, 4] includes one and only one root of this 
equation, and all the roots are accounted for. The method there 
employed is clearly not applicable to all polynomials. 

The first complete solution of the problem of isolating the real 
roots of an equation with real coefficients was furnished in 1829 
by Sturm, whose solution will now be described. 

Let f 0 (x), /i(z), * * • , f r (x) be an ordered set of polynomials in 
the field of real numbers. Substituting x = a (a real number), an 
ordered set of real numbers fo(a), /i(a), • • * , / r (a) is obtained. 
All zeros present in this set are suppressed, except / 0 (a) and/ r (a) if 
either or both of these numbers are 0, and the number of variations 
in sign in passing from term to term of the modified sequence is 
counted, this number being denoted by V a . For example, the 
number of variations in sign of the sequence 

4,9,0, -2, -1, 0,0,3, -5,8 

is 4. Special provision must be made for counting the number of 
variations in sign when/ 0 (a)/ r (a) = 0. 

The basic idea of Sturm's method is to construct, corresponding 
to any given polynomial with real coefficients, a, sequence of poly- 
nomials of which it may be asserted that, for any a and any 
b (a < b), V a — Vi is the exact number of real roots between a and 
b of the given polynomial. 

The polynomials which Sturm proved to have the desired prop- 
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erty are constructed in the following manner: If f(x) is the given 
polynomial, let f Q (x) =* f(x) and f^x) = f'(x). On dividing /„($) 
by fi(x) a remainder is obtained, whose negative is f 2 (x). The nega- 
tive of the remainder obtained when ffx) is divided by f 2 (x) is 
fs(x)t etc. The polynomials fo(x), fi(x), f 2 {x), * * - ‘ thus obtained 
are called the Sturm functions for the given polynomial /(x). The 
method of calculating the Sturm functions for/(;r) is similar to the 
Euclidean algorithm for the polynomials f(x) and fix), the dif- 
ference being that the sign of each remainder is changed before 
proceeding to the next division. The calculations terminate nat- 
urally when a remainder is obtained which is a constant, whose 
negative is the last Sturm function. It is, however, permissible to 
stop with any Sturm function which does not change sign in the 
interval [a, b] under consideration. As we are usually concerned 
with the isolation of all the real roots, we stop with any Sturm 
function which never changes sign . The process may be modified, 
where convenient, by multiplying any Sturm function by a positive 
number before proceeding to the next division. These modified 
functions are also called Sturm functions for the given poly- 
nomial. 

Example. Isolate the real roots of 

/Or) == 2x 4 - 14x 2 + 14a: - 1 . 

A table of values is first constructed, as it may give all the info/ 
mation desired, and in any case provides bounds for the real roots. 
Omitting details, which the student should work out for himself, 
we find: 


X 

-4 

-3 

-2 

-1 

0 ! 

1 1 

2 

3 

f(x) 

231 

-7 

-53 

-27 

~1 1 


3 

77 


The table of values shows that each of the intervals [—4, —3], 
[0, 1] contains one or three roots of f(x) but provides no further 
information concerning the problem of isolating the roots. In 
some problems similar to the one under consideration the existence 
of imaginary roots of fix) may be demonstrated by showing that 
one of the derivatives of f(x) has imaginary roots, but no such 
short-cut to the solution of the present problem is available. 

The Sturm functions are now calculated and the following table 
constructed: 
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X 

— 00 

0 

00 

1 

2 

f a (x) = 2z 4 - 14x 2 + 14a: - i 

+ 


+ 

+ 

+ 

f.ix) = 4a; 3 - 14x + 7 

— 

+ 1 

+ 

— 

+ 

Mx) = 14a: 2 - 21a; + 2 

+ 

+ 

+ 

— 

+ 

1 

eg 

CO 

II 

< 

— 

— 

+ 

— 

+ 

fi{x) = + 

+ 

+ 

+ 

+ 

+ 

v x 

4 

3 

0 

2 

0 


Here fi(x) = £f'(z). Before dividing f Q (x) by fi(x), f 0 (x) is multi- 
plied by 2 to avoid fractions. The negative of the remainder of 
this division is/ 2 (x), a polynomial of degree 2. Had its discriminant 
been negative the division process would have terminated at this 
point. In the present example the division process must be con- 
tinued. Only the sign of f(x) has been indicated as its actual 
value is immaterial. 

We first find F_«, F 0 and F* as no computations are neces- 
sary. Sturm’s- Theorem assures us that, since F_« — F 0 =1 and 
Fo — F» = 3 ,f(x) has exactly one negative root (now isolated with 
the aid of our table of values) and exactly three positive roots. 
The last two columns of the table are constructed for the purpose 
of isolating the three positive roots. Since Fo — Fi — 1, the 
interval [0, 1] contains exactly one root. Since V\ — F 2 = 2, the 
interval [1, 2] contains exactly two roots. We find that /(f) is 
negative and conclude that f(x) has four real roots, one in each of 
the intervals [-4, -3], [0, 1], [1, f], [f, 2]. 

37. Sturm’s Theorem. Let f 0 (x) = f(x) be a polynomial of 
degree ^ 1 with real coefficients and having no multiple roots so 
that f(x) and f(x) = fix) are relatively prime. The Euclidean 
algorithm for the polynomials / 0 (x) and/i(x) is modified by chang- 
ing the sign of each remainder before proceeding to the next divi- 
sion, yielding the following equations: 

/o(x) = <?i(x)/i(x) - />(*), 

/i(*) = ^(x)/ 2 (x) “ / 3 (x), 


/*(*)» 

the last remainder being either a constant or a polynomial which 
never changes sign. If f k (x) is a constant it cannot be 0 since fix) 
and/i(:r) are relatively prime. 

Theorem 6. (Sturm.) For a real number xlet V x be the number 
of variations in sign of the Sturm functions fo(x), fi(x), • * * , fjfx) 
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for the polynomial f(x). If a and b are real numbers (a < b), then 
Va — V b is the exact number of roots of fix) in the interval [a, b\ if 
f(a)f(b) ^ 0. 

Let [a, @] be an interval which includes at most one root of 
Mx)fi(x) - • * f k (x) = 0. 

The root in question may be a or ft; only the case f(a)f(P) = 0 is 
excluded. We proceed to determine the value of V a — V 0 . The 
following cases arise. 

1. The interval [a, fi] contains no root of any of the Sturm func- 
tions. Since none of these functions changes sign in the interval, 

r a -r fi = o. 

2. The function f r (x), (0 < r < &), and no other Sturm function, 
has a root in the interval. This function has a predecessor f r -i(x) 
and a successor /^(z) connected by the relation 

fr—lix) = Qr(p&)frix) f r ±iix)* 

Hence, if p is the root of f r (x) in the interval [a, fi], 

fr — 1 (/>) » ~fr+l(p) 9* 0. 

The signs of f r -i{x) and f T +i(x) are therefore opposite throughout the 
interval [a, j3]. An exhaustive enumeration of the various possible 
combinations of signs of fr-i(x), f r (x ), and fr+i(x), including the 
cases in which p = a or jd, is given by the following table: 


X 

a 0 

orp 

oc 0 

(X 0 

a 0 

<x0 

a 0 

a 0 

a 0 

«0 

cc0 

a 0 

fr.l(x) 

fr<Z) 

fr + l(x) 

+ + 
- + 

- + 
+ + 

+ + 
+ - 

+ - 
+ + 1 

+ 4- 
0 + 

0 + 
+ + 

+ + 
0 - 

0 - 
+ + 

+ + 
+ 0 

+ 0 
+ + 

+ + 
- 0 

- 0 
+ + 


The table shows that in each of the cases which may arise V a — V fi 
= 0 as far as these three functions are concerned. Since none of 
the other Sturm functions changes sign in the interval, V a *— V 0 
= 0 for the entire set of functions. 

3. The function Or), and no other Sturm function, has a root in 
the interval. As this function never changes sign, f k (a) and /*($) .. 
have the same sign if neither vanishes. Therefore no Sturm func- 
tion changes sign in the interval, and V a — V 0 = 0. 

If f k {a) = 0 or fkifi) = 0, the 0 may not be omitted in computing 
V a or V 0 as the case may be. By agreeing to give /*(«) and /*(£) 
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(if either vanishes) the sign which f k (x) has when it does not vanish, 
we again have V a — V 3 = 0. 

4. The function fn(x) = fix) has a root x = p within the interval 
[a, j3], and p is not a root of any other Sturm function. Since /'(p) 
is positive or negative according as /( x) is increasing or decreasing 
at x = p, only two cases arise: 

a ft a P 

/.(*) - + + - 
fi(x) + + 

Since no Sturm function, except / 0 (a?) , changes sign in the interval, 
it follows that V a — Vp = 1. Of the cases considered this is the 
first in which V a — Vp > 0. 

5. Two or more Sturm functions have the same root p in the 
interval. No two of these functions are successive functions. For 
if p is a common root of f r (x) and fr+i(x), then p is a root of f r -i(x) 
since 

fr-l(x) = q r (x)fr(x) - fr+l(x). 

Again, from the relation 

= q r -i(x)fr~l{x) - f r (x), 

we have / r _ 2 (p) = 0; etc. It follows that p is a common root off(x) 
and fix), whereas these polynomials are relatively prime. 

Applying the results of the first four cases to each of the Sturm 
functions, which have p as a root we conclude that V a — = 1 

if a root of f(x) is within the interval [a, (3) and is 0 otherwise. 

We now consider any interval [a, b], subject only to the restric- 
tion that/(n)/(6) ^ 0. This interval is divided into a finite number 
of subintervals 

[fll, #2], jp2 ? * * * ) fcW- 1) Ofn]j (a tti, b = fltw), 

each of which contains at most one root of the equation 
Mx)fi(x) •••/*(«) = 0, s 

while no root of f(x) occurs at either end of any subinterval. We 
have 

^ - n « (Va t ~ Va,) + (7., - 7J + . . . + (7^ - 7J; 

Each of the terms in parentheses of the right member has the 
value 1 or 0 according as f(x) does or does not have a root in the 
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corresponding subinterval. Therefore V a - V b is the exact number 
of roots of f(x) in the interval [a, 6]. 

In the course of the proof of Sturm's Theorem we have seen 
that a term which vanishes may be omitted in computing V a or V b 
if it does not occur at the beginning or the end of the sequence. A 
zero occurring at the end may not be ignored but is to be replaced 
by that sign which the last Sturm function has for all values for 
which it does not vanish. The case in which the first Sturm func- 
tion f(x) vanishes at the beginning or at the end of the interval is 
avoided in practice. 

We assumed that /(x) had no multiple roots. By a modification 
of the argument it may be shown that Sturm's Theorem is valid 
even if f(x) has multiple roots, provided that each multiple root is 
counted only once. 

EXERCISES 

1. Prove that if any Sturm function is multiplied by a positive number 
before proceeding to the next division, the modified set of functions also 
has the property expressed by Sturm's Theorem. 

2. Isolate the real roots of the following equations: 

(a) a 4 - 2a; 2 + 12a; - 18 = 0. Am. [-3, -2], [1, 2J. 

(b) x* — 4x + 6 = 0. Ans. No real roots. 

(c) 24a; 4 - 24a; 2 + 3x + 4 - 0. 

(d) x 4 -f 4x 3 — 6a; + 2 = 0. 

(e) x 4 + 4a; 3 -f x 2 — 6x -f 2 = 0. 

Ans* [~3, -ft [-*, —2], [0, ft [h 1]. 

(f) x 4 + 4V3x 3 -f 2V3x 2 + 4x -f 1 - 0. 

(g) x s — 2x 2 — 3x — 2 = 0. 

(h) a? — 3a; 4 -f 3a; 2 -f 6a: - 1 - 0. 

(i) i® -f a; + 1 = 0. 

Q) a; 4 + 4a; 3 — 6x 2 — 4a; — 1 = 0. 

(k) 2a; 4 - 16x 3 + 20x 2 - 8x -f 1 = 0. 

Am. [0, .3], [.3, .5], [.5, 1], [6, 7]. 

3. Show without using Sturm's Theorem that the equation 

x 4 — x 3 -f ax 2 + £ *+* 1 — 0 (a^ 2) 

has no real root. [Write the equation in the form 

x 2 (x 2 — x -b 1) + (a — l)x 2 -f x + 1.] 

4. Show similarly that none of the following equations has a real root; 

(a) x 4 - 2x 3 + 3x 2 -f x -f 5 = 0. 

(b) 2x« - 3x 5 -f 2x 4 + x 2 + 1 = 0. 

(c) 3x* -f & ■+* 3x 4 — '2x 3 + 5x 2 — x + 3 = 0. 
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38. Budan’s Theorem. The successive derivatives of a poly- 
nomial are so easily calculated that it is only natural to inquire 
whether V a — V b for the functions 

(1) m, fix), r (a), * • * ,/<»(*) 

gives any information at all concerning the number of roots of 
fix) in the interval [a, ft]. There is, however, no need of restricting 
our investigation to polynomials since the sequence (1) is defined 
for a much wider class of functions. 

A function fix) is analytic at x = c if the Taylor series 

(2) f(x)=f(c) + (x-c)f(.c) + (x- cy^- + 

converges for every x in an interval which includes c and at least 
one other number. If fix) is analytic at x = c there exists a positive 
number R ( R may be infinite) such that (2) converges for every x 
within the interval [c — R } c + R]- If fix) is analytic at x = c, 
f(x ) is also analytic at x = a, where a is any number within the 
interval of convergence. An analytic function is continuous within 
the interval of convergence and possesses continuous derivatives 
of all orders within this interval.* If, in (2), 

/(c) = 0, /'(c) = 0, • • • = o ,/<”>(c) * 0, 

the series begins with (s — c) m and c is a root of multiplicity m of 
fix). 

Theorem 7. (Btjban.) Let f(x) be a function which is , analytic 
in the interval [a, ft], does not vanish at either end of the interval , and 
whose Jcth derivative has no root in the interval. For a real x let V x 
denote the number of variations in sign of the sequence (1). The 
number of roots of fix) in the interval [a, ft] is V a — V b — e, where e 
is an even number > 0. A root of multiplicity m is counted as m 
roots. 

11 fix) is a polynomial of degree n, the condition that f (k) (x) have 
no root in the interval is satisfied when k — n but may be satisfied 
by a smaller value. On the other hand, if fix) is a transcendental 
function no finite number k may exist for which this condition is 
satisfied. In such cases Theorem 7 is inapplicable. For example, 
each of the successive derivatives of fix) = cos x has a root in the 
interval [0, 2ir]. 

* For proofs the reader is referred to textbooks in Analysis. 
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Let [a, 0] be a subinterval of [a, 6] which includes at most one 
root of the equation 

( 3 ) f(x)f{x)f"(x) • - * f»(x) = 5 

and such that/(a)/(/3) ^ 0 . , The following cases arise. 

1. The interval [a, 01 includes no root of ( 3 ). Clearly V a — Vp 
= 0 . 

2. p*(x), / fr+1) (s), * * , (0<r^r + s-l<k) 

have a common root x = pin the interval,* which is not a root of 
any other function of the set (1). Suppose p ^ a or 0 and / fr_h0 (p) 
> 0. Since /&+•>(«) i s positive throughout the interval [< a , 0], 
fir+»-i)(x) increases as x increases from x — a to x — 0; hence 
/(r+*-i>(a) < 0 and f (r +*-v (£) > o. Therefore, if s > 1, 
decreases in the interval [a, p], vanishes at p, and increases in the 
interval [p, 0]; hence this function is positive throughout the 
interval [a, 0], except at p. Repeated applications of the preceding 
argument yield finally the following table of signs: 




S M (x) 

/ <r+1) 0) 



f***- u (s) 

f r+, \x) 

a. 


<-i>* 

(-1)*- 1 


+ 

— 

+ 

p 


+ 

+ 

... 

+ . 

+ 

+ 


The signs of f {r ~ l) (a) and have been omitted; they are 

both positive or both negative. If a is even, V a — V p — s. If s is 
odd, V a — V fl = s + 1 or s — 1 according as f (t ~~ l) (x) is positive 
or negative in the interval [a, 0\. " Therefore V a — Vp is an even 
number >0. 

The same result is obtained if p = a or 0 or if f (r+s) (p) < 0. 

3. The function fix) has a root x = p of multiplicity s in the 

interval, while ^ 0 if j > s. By assumption p ^ a or 0. A 

discussion similar to that of Case 2 leads to the conclusion that 
V a — = $, as the function f ir ~ l) ix) does not occur in the pres- 

ent case. 

4. Two or more of the functions (1) have the same root p in the 
interval. These may be grouped into sets of successive functions 
which have p as a root. From the results of the preceding cases we 
conclude that V a — Vp is an even, number > 0 if p is not a root of 
f(x) and equals s + an even number > 0 if p is a root of multi- 
plicity $ of f(x). 

* By assumption, f^(x) does not vanish in the interval; hence r + s — 1 
< k. If s =* 1, only one function, f (r Kx), has p as a root. 
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By hypothesis [a, b] is an interval in which does not 

vanish and at whose ends fix) does not vanish* This interval is 
divided into subintervals 

[fll, <h\, [«2, as], , [dm-l, «**], (<H « a, dm = 6), 

each of which includes at most one root of (3), no root of fix) 
occurring at the beginning or at the end of any subinterval. We 
have 

V a - V b = (Vat - VJ + (7„ - VJ + • ■ • + (Ya m ^ 1 ~ VaJ. 

If [a^i } aj does not include a root of f(x), — V a . is an even 

number > 0. If this subinterval includes a root of fix) of multi- 
plicity s, 7 a ._ 1 — V a{ = s + an even number > 0. Therefore, if 
exactly N roots of fix) are contained in the interval [a, 6], 
V a — V b = N + e, as asserted by Budan's Theorem. 

Example, isolate the real roots of the equation 

f(x) = e* + 5x 2 -7x = 0. 

The table 


X 

OO 

0 

oo 

1 

f(x) = e x ■+■ 5x- — 7x 

+ 

+ 

+ 

+ 

f'{x) = e* + 10x - 7 

- 

- 

+ 

+ 

f"(x) = e* + 10 

+ 

+ 

+ 

+ 

. v x 

2 

2 

0 

0 


shows that there are no negative roots and either two or no posi- 
tive roots. We stopped with f'ixpG ^ ause this function vanishes 
for no real x , If fix) has two positive roots they must be in the 
interval [0, 1] since 7 0 — V t = 2. We find that /(£) is negative 
and conclude that the proposed equation has exactly two real 
roots, one in each of the intervals [0, |], [£, 1], 

39L Descartes* Rule of Signs. Budan's Theorem, applied to the 
interval [0, »], yields the 
Theorem 8. (Descartes' Rule or Signs.) Let 

fix) = Co + CiX + C 2 X 2 + • * * 

be a polynomial or a power series which converges for every x and 
whose coefficients involve only a finite number of variations in sign . 
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The number of positive roots of f(x) equals the number of variations in 
sign of the coefficients of f(x) minus an even number > 0. 

' If co = 0, a power of x may be removed from f(x) and Descartes' 
Rule then applied. We suppose hereafter that c 0 ^ 0. 

By assumption, if f(x) is an infinite series, an integer n exists 
such that the sequence 

Cnj Cn+1 ; * * * ( Cn 7^ 0) 

has no variations in sign. If f(x) is a polynomial we suppose its 
degree to be n. In either case f (n) (x) has no positive root since 
all its coefficients have the same sign. Therefore, by Budan’s 
Theorem, the number of positive roots of f(x) is 

(1) N=V 0-7.-*, 

where e is an even number > 0, and V x is the number of variations 
in sign of 

(2) /(*),/'(*),. * * • 

I i f(x) is a polynomial, it follows from Theorem 3 that F„ = 0; 
for the sign of each of the functions (2), for sufficiently large values 
of x , is that of the leading coefficient Cn of f(x ). 1ff(x) is an infinite 
series, the sign of the polynomial 

Co + CiX + • ■ • + CnZ n , 

and the sign of each of the first n derivatives of this polynomial is, 
for x sufficiently large, the sign of c n . The sign of the power series 

Cn+ lX n + C n +2X n+2 + • * * , 

and the sign of each of the derivatives of this series is, for every 
positive z, the sign of c n . Therefore the sign of each of the func- 
tions (2), for all sufficiently large values of x, is that -of c n . Hence 
V„ = 0. Therefore, by (1), 

N = Vo - e. 

The theorem now follows from the observation that, since c 0 = /(0), 
and 

c k =PK0)lkl, {k~ 1, **•) 

Fo is the number of variations in sign of Co, ci, • * * , Cn. 

The preceding argument breaks down if fix') has a finite interval 
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of convergence [—#, i£], since the series does not represent f(z) 
for | x | > R. In this case let € > 0 be chosen so small that all the 
roots of f{x) within the interval [0, R] are within the interval 
[0, R — e]. Such an € exists if the coefficients of f{x) involve only a 
finite number of variations in sign, as assumed.* For /(»)($) has 
no positive root within the interval of convergence, n being some 
positive integer. Therefore, by Rolle’s Theorem, f(x) has- only a 
finite number of positive roots within the interval of convergence. 

The number of roots of f(x) in the interval [0, R — e] is, by 
Budan’s Theorem 

N = Vo — V R -€ — e. 

Therefore N < F 0 . But we cannot conclude that F 0 — N is an 
even number. 

Theorem 9. The number of positive roots within the interval of 
convergence of a power series 

Co + CiX + C 2 X 2 + • • * 

is not greater than the number of variations in sign of its coefficients. 

The preceding theorems, applied to the function /(— x), may 
give information concerning the negative roots of f(x). 

EXERCISES 

1. Find limits for the number of positive and the number of negative 
roots of 

(a) 3 x< - as - 5x 2 - 1 - 0. 

(b) x« + 4x 2 + 1 = 0. 

(c) x s .+ 2x 3 + 8x - 1 * 0. 

(d) x* -f x — 1 * 0. 

(e) x 6 - x + 1 = 0. 

(f) x® - x 2 + x + 2 - 0. 

* ■' (g) x 7 - 2x s - 7a: 3 + x 2 - 9x + 6 = 0. 

(h) 2x* + 6x s -f x 2 -f 8x + 5 = 0. 

2. Find the interval of convergence of each of the following power series 
and apply Theorem 8for Theorem 9. 

(a) -l~*+g + g+ • • • • 

* In the contrary case it may happen that no such e exists. For example, 
the power senes for sin 1/(1 - x) converges for -1 < x < 1 but has an in- 
finite number of roots near 1, namely 1 - 1/far, where k is a positive integer. 
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(c) 1 + X — x* + a 3 + x* + x s + 

< d > 2 * -i-l-i--*-* 

3. Isolate the real roots of the following equations. 

(a) x 4 + 2x 3 + 6a; 2 — 6a; + 1 =0. 

(b) x 4 x 3 — 3a; 2 - 2x + 2 = 0. 

(c) a* + re* + x 4 + a; 3 + a; 2 _ ± x + i « q. [The-second derivative 

equals 2{x 2 {l5x 2 + 10a; + 3) + (3a; 2 + 3a; + 1)} and is therefore always 
positive.] Ans. [0, ft ft, 1], 

(d) x 8 - 2x* + 5x 2 -p 7x + 1 = 0. 

(e) x 7 - 3a; 6 + 4a; 5 + x 3 + 2x + 1 = 0. Ans . [— 1, 0]. 

(f) x 8 - x 3 + x 4 - 7x + 4 « 0. Ans. [0, 1], [1, 2], 

4. Isolate the real roots of the following equations. 

(a) sin x — x 2 — Zx + 5 = 0. 

* (b) sin x — cos x + 2a; 2 — 3 = 0. 

(c) logio x + x 2 + 1 = 0. Ans. [.01, 1], 


40. Homer’s method. Homer's method of calculating the real 
roots of a polynomial with real coefficients to any desired degree 
of accuracy is best explained with the aid of an illustrative ex- 
ample. 

Example. Find the real roots of the equation 

(1) a; 3 - 7x + 7 = 0. 

There are three real roots, one in each of the intervals [—4, —3], 
[1, f], [f, 2]. We shall illustrate Horner's method by calculating 
the largest of these roots. 

The roots of the equation are first diminished by 1 in order to 
bring the desired root in the interval [0, 1]. The equation 

(2) a; 3 +3z 2 - 4x + 1 = 0 

is obtained. The root of this equation which corresponds to the 
desired root of (1) lies in the interval [i, 1]. By trial* we find this 
, root to be in the smaller interval [.6, .7]. The corresponding root 
of (1) is in the interval [1.6, 1.7]. Diminishing the roots of (2) by 
.6, the equation 

(3) x 3 + 4.8a; 2 + .68a; — .104 = 0 

is obtained, which has a root in the interval [0, .1]. An approxi- 
mate value of this root is obtained by solving the linear equation 

.68a; - .104 = 0, 
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whose root is z .1+. We infer that the root of (3) in the in- 
terval [0, .1] is near .1. We find by trial that the root lies be- 
tween .09 and .1. The corresponding root of (1) lies between 1.69 
and 1.70. 

Diminishing the roots of (3) by .09, the equation 
( 4 ) a* + 5.07* 2 + 1.5683s - .003191 - 0 

is obtained. Ignoring the first two terms of this equation we find 
that x = .002-f. The root of ( 4 ) in the interval [0, .01] is in the 
narrower, interval [.002, .003], and the corresponding root of (1) is 
in the interval [1.692, 1.693]. Diminishing the roots of ( 4 ) by .002, 
the equation 

(6) a 3 + 5.076s 2 + 1.588592s - .000034112v= 0 
is obtained. The root of the equation 

1.588592* - .000034112 = 0. 

is z = .00002147. The division was carried out to four significant 


u 

1 

0 

-7 • 

+7 



1 

— 6 

1 



2 

—4 



1 

3 



A! 

1 

3 

-4 

1 



.6 

2.16 

-1.104 



3.6 

-1.84 

- .104 



.6 

2.52 




4.2 

.68 




.6 




1 

£8 



.09 | 

1 

4.8 

.68 

- .104 



.09 

.4401 

.100809 



4.89 

1.1201 

- .003191 



.09 

.4482 




4.98 

1.5683 




.09 




1 

5.07 



.002 1 

1 

5.07 

1.5683 

- .003191 



.002 

.010144 

.003156888 



5.072 

1.578444 

- .000034112 



.002 

.010148 




5.074 

1.588592 



.002 

1 5.076 
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figures because four zeros appeared after the deeimal point. In 
justification of this operation we remark that if we substitute this 
value of x in (5) the first two terms will not affect the seventh 
decimal place. The required root is therefore 1.6920215, to seven 
decimal places. 

The successive transformations are conveniently effected by 
synthetic division, the work being arranged as shown on page 92. 

EXERCISES 

1. Find the irrational real roots of the following equations correct to 

five decimal places. ^ - 

(a) 2x 3 3x 2 + 6x - 12 = 0. Ans. 1.05408. 

(b) x 3 + 1 - 0. Ans. .34730, 1.53206, -1.87938. 

(c) x 3 = 5. 

(d) x 4 - 2x 2 + 12* - 18 = 0. (Ex. 2 (a), p. 85.) 

Ans. 1.47065, -2.88487. 

2. Find cos 20* without consulting trigonometric tables. [Use the 
identity cos SO — 4 cos 3 0 — 3 cos 0.] 

3. A 3-gallon can is to be constructed so that its height exceeds its 

radius by 2 inches. Find the dimensions of the can. (1 gallon = 231 cubic 
inches.) , Ans. r — 5.444 in. 

4. Find the length of the edge of a cube which would be transformed 
into a rectangular box having twice the volume of the cube if the edges of 
the cube were increased fiy 1, 2, and 3 inches respectively. 

6. Find the coordinates of the point on the parabola y — x 2 which is 
nearest the point (2, 1). Ans. (1.165, 1.357). 

6. Find the coordinates of the points of intersection of the hyperbola 
xy = 1 and the circle (x — l) 2 4* y 2 = 1. Ans . (1, 1), (1.839, .5437). 

41. Newton’s method. If an approximation to a root of an equa- 
tion f(x) = 0 has been obtained, a better approximation may be 
obtained by Newton's method, which will now be described. 
Before applying this method it must be verified that the equation 
has only one root within a certain interval [a, 5] so that /(a) and 
f(b) have opposite signs, and that neither f(x) nor /"(x) vanishes 
in the interval. The following cases may then arise: 



/(a) 

m 

fix) 

/"(*) (a. ^ x <> b) 

1. 

— 

+ 

+ 

' + 

2. 

— 

+ 

+’ 

— 

3. 

• + 

— 

TF- 

+ 

4. 

+ 

— 

— j 

— 
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These cases are illustrated graphically by the following figures. 



Fig. 8 Fig. 9 



Fig. 10 Fig. 11 


The equation of the tangent line to the curve y — f(x) at the 
point (xo,/(x 0 )) is 

y - f(xa) = f'(xo)(x - xo ). 

The x-axis intersects this line in a point whose abscissa is 


( 1 ) 


T — Jt 0 — 


/(* o) , 
f(Xo) 


It is evident from the figures that if we choose xo = b in Cases 1 


and 4, then r is nearer the root of f(x) = 0 in the interval [a, 5] 
than 6; while if we choose xo = a in Cases 2 and 3, then r is nearer 
the root than a. Now in Cases 1 and 4 f(b) and f"(b) have the same 


sign, while in Cases 2 and 3 /(a) and /" (a) have the same sign. 
Hence: If xo be chosen as that one of the two numbers a and b for 
which f(x o) and f"(x Q ) have the same sign , then t ( defined by (1)), is 
nearer the root than xo. ~ 
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It is evident from the figures that/(r) has the same sign as‘/(z 0 ). 
Therefore (1) may be applied again, with z 0 replaced by r, and a 
closer approximation to the root obtained. Repeated applications 
yield as close an approximation to the root as desired.* 

Newtonfs method is applicable to transcendental equations and 
offers a material advantange over Homer’s method in solving 
algebraic equations of high degree which involve a small number 
of terms. 

Example 1. Find the root in the interval [1, 2] of the equation 
fix) = z 10 — 10s + 4 = 0. 


Before applying Newton’s method, a smaller interval should be 
found which contains the root. We find by trial that the root lies 
in the interval [1.2, 1.3]. We have 


f(x) = 10(z 9 - 1), f'ix) = 90z*. 


For a closer approximation to the root use formula (1): 


m- 



z 10 - lOz + 4 

io (z 9 - 1) r 


Since f'ix) is positive throughout the interval and /(1.2) < 0 while 
/(1.3) >0, we choose z = 1.3. We find (using a table of logarithms 
to compute z 9 and z 10 ) 


F( 1.3) = 1.3 - .04 = 1.26, 

F(1.26) = 1.26 - .02 = 1.24, 

F(1.24) = 1.24 - .0032 = 1.2368, 

F(1.2368) = 1.2368 - .000128 = 1.236672. 


Using a five-place table of logarithms, results cannot be expected 
to be accurate to more than five significant figures. Our answer is 
therefore 1.2367. 

Since /"(z) > 0 in this example, each of the successive approxi- 
mations should be taken too large rather than too small in order to 
keep fix) positive, so that the condition that fix) and f'ix) have 
the same sign will be fulfilled before proceeding to the next approx- 
imation. 


* The preceding discussion, appealing as it does to geometric intuition, does 
not constitute a rigorous proof of the validity of Newton's method. For an 
analytic proof the reader is referred to H. Weber, Kleines Lehrbuch der Algebra 
( 1912 ), p. 163 . 
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Example 2. Find the root in the interval [3, 4] of the equation 
jf(x) = logioO 2 + 2) + x - 5 = 0. 


The equation has a root in this interval; for *> 

/( 3) = log 11 - 2 < 0, /(4) - log 18 - 1 > 0. 

With the aid of a table of common logarithms we find that the 
root is in the smaller interval [3.7, 3.8]. Differentiating, we have 


fix) 


2Mx 
x i + 2 


+ 1 , 


fix) = 


2M(2 - a: 2 ) 

,(z 2 + 2) 2 ’ 


where M = log 10 e = .43429. Since /( 3.7) < 0, /<3.8) > 0, and, 
fix) is negative in the interval, the successive approximations to 
the root are all to be less than the root. The formula for closer 
approximations to the root is 

FM - ■ IQ = r - Q + 2 )P°g (* 2 + 2) + z - 5] 

■ w ' fix) x 1 + 2 + .86858* 

We find that 


F( 3.7) = 3.7 + .08 3.78, 

F( 3.78) = 3.78 + .0068 - 3.7868.' 

The root is 3.7868. 


v EXERCISES 

1. Show graphically that Newton's method may fail if f(x) 0 Tf"(x) 
vanishes in the interval. 

2 . Find the root in the interval [1, 2] of the equation 

x lfl - lOOx -100-0. Ans. . 1.7530. 

3 . Find the real root of the equation 

(x - 1)» + x 7 = 0. 

4 . Find the root in the interval [0, 1] of the equation 

logio {x 2 + 1) + x — 1 — 0. Ans . .78957. 

5 . Solve e* — 3z = 0. 

6. A chord of a circle cuts off one-eighth of the area of the circle. 

What central angle does it subtend? Ans. 1.7664 radians. 

7. Find the length of the base of an isosceles triangle of area 1 inscribed 

in a circle of radius 2. Ans. .50192. 



CHAPTER VI 


ELIMINATION. RESULTANTS. SYMMETRIC FUNCTIONS 

42. Introduction. It is often necessary to eliminate a variable 
x between two equations 

(1) /(*) = 0, g(x) = 0, 

involving x and one or more other variables y, z, ■ • * . The 
general procedure is to combine these equations in such a way as 
to obtain from them an equation 

(2) F(y, «,-••)* 0 

which does not involve x. We then say that all sets of values y, 
z ) • • • for which equations (1) have a common root must satisfy 

(2) . But, unless the elimination has been performed properly, we 
cannot be sure of the converse: that, if y, z, • • * satisfy ( 2 ), then 
equations (1) have a common root. 

Example. Eliminate x between the equations 

(3) yx 2 - 2x + y = 0, 

(4) x 2 + yx - 2 = 0. 

Multiplying (4) by —y and adding to (3), we obtain 

~(2 + y 2 )x + Zy = 0. 

Solving this equation for x, substituting in (3), and simplifying, we 
obtain 

(5) y 5 + 7 y z - Sy - 0, 
whose roots are 

y = 0, ±1, ± 2tV2. 

But when we substitute y = 0 in (3) and (4) we obtain two equa- 
tions which do not have a common root. Therefore (5) is not the' 
true eliminant of (3) and (4). 

This example illustrates the necessity of developing an adequate 

97 
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theory of elimination. It is our intention to consider methods of 
obtaining an eliminant which furnishes a necessary and sufficient 
condition that two equations have a root in common. 

43. Again the identity A(x)G(x) + B(x)F(x) = 1. Let 

( 1 ) A(x) = aax n + aiX n ~ l + * * * + dn-ix + a n 

and 

(2) B(x) = b(iX m + bix m ~ l + * • * + b m ~\X + b m 

be two polynomials whose coefficients are independent variables. 
Since these polynomials are relatively prime, there exist a unique 
pair of polynomials , 

(3) F(x) = M n ~ l + flX n ~ 2 + * • * + fn-ZX +fn-l 

'/ 

and 

- ( 4 ) G(x) = g6x m ~ l + gix m ~ 2 + + gm-& + g m - 1 

in the field R(do, Hi, • * * * 0«J & 0 ; bit ' > b m ), such that 

( 6 ) A(x)G(x) +B(x)F(x) - 1 . 

The coefficients of F(x) and G{x) are rational functions of the a’s 
and V s but need not be polynomials in these variables. If a poly- 
nomial P = P(a 0 , a%, • • * , an) K K • * ‘ » &*) is a multiple of 
the denominators of the coefficients of F(x) and G(x), thAn 

(6) Fx(x) = PF(x) and Gi(x) = PG(x) 
are polynomials not only in x, but in the a’s and b’s; and 

(7) A(x)Gx(x) + B(x)Fx(x) = P. 

To find a polynomial P satisfying (7) let us calculate the coeffi- 
cients of F(x) and G(x) by the method of undetermined coefficients 
as we did in Chapter II. We have by (6) 

(ao£ n + aiz 71 ” 1 + 4“ CLrJ. lX + On) 

X (gox m ~ l + gix m ~ 2 + 4* Qm-zx + g m -i) 

+ (boX m 4- b\x m ^ 1 4- 4* b m -ix 4- b m ) 

X (foX n ~ l 4* flX n ~~ 2 4- 4“ fn~ 2X + /n~l) = 1. 


( 8 ) 
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Therefore 

a<flo 4 - bofo = 0, 

digo + a oQi + bifo + bofi = 0 , 

(9) 0200 + ^101 + a 0^2 + Vo + bif 1 + 60/2 = 0 , 


On dn + bmfn-1 = 1 . 

This is a system of m + n non-homogeneous linear equations in" 
which the a y s and b’s are known and the/’s and g’s' the unknowns. 
The coefficient determinant of (9), with rows and columns inter- 
changed, is 


do ’ Qi GL% * ’ * Qn 

do ^2 * * * On 


(10) p(A, B) = 


Co fli 02 
bo bi 62 • • * b m 

bo bi ^2 • • ■ bm 


On 


bi &2 


mrows 


nrows 


The blank spaces of the determinant are to be filled with zeros. Since 
the system (9) is known to have a unique solution, p(A, B) 7 * 0. 
Moreover, each of the unknowns is expressible as a fraction whose 
denominator is p(A , B) and whose numerator is a determinant 
which equals a polynomial in the a’s and b’s, with integral coeffi- 
cients/ Therefore p(A, B) will serve as the polynomial P previously 
referred to. 

Theorem 1. If A{x) and B{x) are the polynomials (1) and (2) 
whose coefficients are independent variables , there exists a unique 
pair of polynomials Fi{x) and Gi(x), whose degrees are less than 
those of A(x) and B{x) respectively and whose coefficients are poly- 
nomials in the a’s and b’s with integral coefficients, such that 

A(x)Gi(x) + B(x)F 1 (x) = p(A,B), 

where p(A , B) is the determinant (10). 

The rule underlying the formation of the determinant (10) is 
quite simple and should be thoroughly understood. From the 
definition of “determinant” we have the 

Theorem 2. p(A, B) is a homogeneous polynomial with integral 
coefficients, of total degree m + n in the variables ao, • * • a n , bo, 
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• * * Each term of the expansion of p(A, B) is the product of m 
of the a’s and n of the b’s. 

The determinant p(B, A) may be obtained by mn successive 
interchanges of the rows of the determinant p(A, B), Hence the 

Theorem 3. p(B, A) = (—l^pCA, B). 

44. The resultant of two polynomials. With the notation of 
§ 43, each of the equations 

(1) A{x)G(x) + B(x)F(x) - 1, 

(2) A(x)Gi(x) + B(x)F x (x) = p(A,B ) 

is an identity in x, a 0 , , a n , bo, . b m . There is one im- 

portant difference between these equations: F x (x) and G x (x) are 
polynomials in the a’s and b’ s, while F(x) and G(x) are rational 
functions of the a’s and b’ s. If particular values (elements of some 
field) are assigned to the a’s and b’s, it may happen that a denom- 
inator of one or more of the coefficients of F(x) or G(x) vanishes so 
that (1) ceases to be valid. But (2) remains valid no matter what 
values are assigned to the a’s and b’ s. In particular (2) remains 
valid even if values are assigned to the a’s and b’s for which A{x) 
and B{x) become polynomials that are not relatively prime. 

Suppose that for certain values of the a’s and b’s the polyno- 
mials A{x) and B{x) are not relatively prime. If, for these 
values, p(A, B) ^ 0, we may divide (2) by p(A, B), thus in- 
ferring (1), from which it follows that A(x) and B{x) are rela- 
tively prime. This being contrary to supposition, we conclude 
that p(A, B) = 0. 

Conversely, suppose that p(A, B) = 0 for certain values of the 
a’s and b’s. Then equations (9) of § 43 do not have a unique solu- 
tion. Therefore (1) cannot be satisfied by polynomials F(x) and 
G(x) whose degrees are less than those of A(x) and B(x) re- 
spectively. We conclude that A(x) and B(x) are not relatively 
prime. 

Theorem 4. A necessary and sufficient condition that the poly- 
nomials A(x) and B(x) have a common factor of degree ^ 1 is that 
p(A, B) = 0. - • 

As a consequence o(A, B) = 0 is the true eliminant of the equa- 
tions A(x) = 0 and B(x) =0. p(A, B) is called the resultant of 
the polynomials A(x) and B(x). 
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EXERCISES 


IT Find the resultant of 

(a) do® + ai and 60® 4- bu Am. ajh — aib 0 . 

(b) 4- aix + <H and bo® 2 4- bix 4- b2. 

Am. aJW 4- Oodibi 2 — 2aoa^)^ — Ooai5i&2 

4" — aiadbabi + O 2 2 6 o 2 . 

(c) flo® 2 + Oi® + <h and bo® + bu Am. aj>i 2 — aib 0 bi + adb Q 2 . 

(d) Oe® n and bo®" 1 + b m . Am. c^bm*. 

2. Find all values of t for which the equations tx 2 -f (— £ 2 — l)x -}- 1 

- 0, ® 2 4- (t 2 — t)x — 1 = 0 have a common root; and find the common 
root in each case. 

Am. t =s 0, x = 1; t = 1, x = 1; t — —1, ® = — 1 ± V2. 

3. Find all values of t for which the equations x 3 — t = 0, x 2 ix t 

- 0 have a common root; and find the common root in each case. 

4 . Solve the illustrative example of § 42. 

6. Find the points of intersection of the circle 


® 2 + y 2 + 4® — 2y 4- 3 = 0 


and the hyperbola 


x 1 4- 4 xy — y 2 + ICh/ — 9 - 0. 

Ans. (-1, 2), (-3, 0), (-2 * fVB, 1 * *Vg). 
6. Find the cartesian equation of the curve whose parametric equations 


are 

(a) 

(b) 


x = t 2 - t 4- 1, y = 2£ 2 4- t - 3. 

Ans. 4® 2 — 4®y 4“ y 2 — 23® 4- 7y + 19 ~ 0. 

_ _ 2t 4- 1 .__t* + 2t- 1 

t 2 + 1 y p + i 


46. Factored form of the resultant. Let 

(1) A(x) = etc (x — xj)(x — x 2 ) • • • (x — X.) 

= a& n + aix*- 1 + • • • + On-lX + On, 

(2) B(x) = 6„(* - Zi')(x - x,') • • • (x - i„') 

= box”* + bix ” 1-1 + • • • + b„_ix + b m , 

where Oo, bo, Xi, xj, * • • , x n , X\ , x 2 ', ■ ■ ■ xj are independent 

variables. We are dealing with the field R(a 0 , bo, x h xi, ■ ■ ■ ., 
Xn, Xi', Xt, • ■ • , Xm') which includes the coefficients of A{x) and 
B(x) since (§ 18) 

a k = (-l) t o 0 SxiX 2 • ■ ■ x k , (k = 1, 2, ■ • • , n), 

h = (— l) i 6o2xi'x 2 ' • • ■ x k , (k = 1, 2, • • • , w). 
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The equation 

( 4 ) A(x)G x (x) + B(x)F 1 (x) = p(A, B ) . 

of § 43 is now to be thought of as an identity in the variables 
Oo, b 0y Xi, • * * , x n , xi, • • • , xj. 

The polynomials A(x) and B(x) have a non-constant common 
factor if and only if one of the variables x lf * * * , x n equals one of 
the variables xi, • • • , xj. Therefore, by Theorem 4, p(A, B] 
vanishes when Xi = x/. Consequently 

(5) p(A, B) = m(xi - x/), 
where 

(6) II (xi - Xj) = (xi — xi)(xi - Xi ) • * (xi - xj) 

X (x 2 — x/Xx* - Xi) • * (x 2 ■— xj) 

X (Xn- Xi)(Xn - Xi) • • • (x n ~ Xjft) 

and & is a polynomial which is to be determined. 

' The -first line of the right member of (6) equals B(xi)/b 0 by (2); 
the second equals R(x 2 )/6o; etc. Hence 

(7) II(z,- - xf) = ~ B{x l )B{^) • • • B(x n ). 

The product of the factors in the first column of the right member 
of (6) equals (— l) n A(xi)/d Q by (1); the product of the. factors in 
the second column equals (— l) n A(xi) /a 0 m t etc. Hence 

(8) n(x,- - x/) = : A(xx')A(xt) A{x m '). 

( 1 0 

To determine the k in (5) we observe that, in view of (3), each 
term of the expansion of the determinant form of p(A, B) is divisible 
by a™bo n and involves each Xi to at most the mth power and each 
x/ to at most the nth power. By (6) n (x» — x/) is of degree m in 
each Xi and of degree n in each x/. Therefore 

(9) p(A, B) = cao m bo n H(xi — x/) t 

where c is a numerical constant. Consider the particular case 
A{x) — x n , B(x) = x m + 1. 
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Since xi = x 2 = • * 

ll 


1 

n rows 

1 

It follows from (9) that c — 1. 

Theorem 5. If A(x) and B(x) are defined by (1) and (2) respec- 
tively, then 

(10) f>(A, B) = a 0 m 6o n n(x f - X/) = a 0 ™R(*i)S(jc 2 ) • • • B(x n ) 

, = (— l) nm 6o n A(jCi')A(* 2 ') • • • A(jc m '). 

The resultant of two polynomials may be calculated with the 
aid of (10) when all the roots of one of them are known. 

46. Discriminant of a polynomial. On examining the first column 
of the determinant form of the resultant of 

i 

A(x) = aoz” + • • • + a^!X.+ a„ (n >• 2) 

and its derivative, it is evident that p(A, A') has a 0 as a factor. 
Therefore D(A), defined by 

(1) P(A.A') = (-l^-^DOl), 

is a polynomial in Oo, ffi, • • • , with integral coefficients. It is 
called the discriminant of A(x). 

We have seen (§ 19) that A ( x ) has a repeated factor if, and only 
if, A(x) and A r (x) have a common factor of degree ^ 1. On the 
other hand, A(x) and A\x) have a common factor of degree > 1 
if, and only if, p(A, A f ) = 0. Combining these results with (1), 
we have the following theorem. 

Theorem 6. A necessary and sufficient condition that a polyno- 
mial have a repeated factor is that its discriminant vanish . 

We now suppose A (x) to be expressed in the form 

A(x) = a 0 (z - xi)(x - x 2 ) • * • (x — z n ). 


• = = 0, U(xi - X/) = 1 by (7). Again 

1 II 

m rows 
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Then 

A' (zi) = a 0 (x i — X2)(xi — x 3 ) fa — x n ), 

A '(22) = a 0 fe — £i)(z 2 — x 3 ) (x 2 — x n ), 

( 2 ) 

A^(x n ) ~ Uo(Xn Xi)(x» ^2) * * (#» Xn— l). 

Multiplying, we have 

(3) A'(*iM'(z 2 ) • • • A'fe) = (-D^'^Wri fe - x,)\ 

*\i- 1 
i>j 

By Theorem 5, with R(x) = A'(x), m = n — 1, we have 

p(A, A') = a 0 n ~ 1 A f (xi)A I (x 2 ) • • * A'(x») 

= n (s, - a;,) 2 . 

i>j 

Comparing with (1), we conclude that 

(4) D{A) = ao 2 *- 2 II (xi - X;) 2 . 

i>j 

This expression for D(A) in terms of the roots of A{x) shows 
that D(A) = 0 if, and only if, at least two roots of A(x) are equal, 
confirming Theorem 6. 


EXERCISES 

1. Find the resultant of 



(b) x n — 1 (n odd) and x 2 + 1. Ans. 2. 

(c) x n + x -f- 1 and x 2 — 2x ■+* 2. 

(d) x 11 + 1 and (x — 1)». 

(e) x n — a n and x n — b n . 

% Find the discriminant of 

(a) ax z + bx + c. Ans . b 2 - 4ac. 

(b) x 3 + 3Hs + (7. . Ans . -27«? 2 + 4tf 3 ). 

(c) x n + t. 

(d) (as* - l)(x m - 1). 

& Let A(x) be a polynomial of degree n > 2 with real coefficients and 
no multiple roots. Prove that if A(x) has r real roots and s pairs of con- 
jugate imaginary roots (r + 2s ~ n), then D(A) is positive or negative 
according as s is even or odd. [Use ( 4 ).] 

4. Prove that p(A, A + B) = p{A,B). [Use Theorem 5.] 
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47. Symmetric functions. A function of two or more variables 
is called a symmetric function of these variables if it is unaltered 
when the variables are permuted in all possible ways. For example, 
the functions 

Xi Z + X 2 3 -Hx 3 3 , . 

(xi - x 2 ) 2 (x 2 - x 3 ) 2 (x s — Xi) 2 
are symmetric functions of x h x 2 , and x 3 ; but the function 
Xi + x 2 2 + x 3 

is not a symmetric function since it is changed into a different 
function when x x and x 2 are interchanged. 

The function cos (x — y) is a symmetric function of x and y but 
will not be considered in our work. We shall confine our attention 
to polynomials exclusively. 

We have already encountered the symmetric functions 
= Sxl = xi + x 2 + • • • + x n , 

°2 = 2*1*2 = *i* 2 + *1*3 + * * * + Xn-iXny 


<*n = *1X2 

of Xi, x 2 , * * • , x n - They are called the elementary symmetric 
functions of these variables, and cr k is called the kth elementary 
symmetric function. 

The example 

Xi 2 + X 2 2 + • * * + X n 2 = (xi + X 2 + * * * + Xn ) 2 

— 2(XiX* + • • • + •Cn—lXn) 

— (Ti 2 — 2cr 2 

illustrates the fundamental theorem on symmetric functions: 
Every symmetric function is expressible in terms of the elementary 
symmetric functions (stated more precisely in § 49), which we pro- 
ceed to prove. 

48. Functional independence of the elementary symmetric 
functions. The polynomials 

Xi, ■ ■ • , Xn), 0=1,2,---, r) 

are functionally dependent relative to a field R if there exists a 
polynomial F(z h * * • , z r ) in R, different from 0, such that 

FLflfe, * • * , Xn), • • * , fr(x 1, * • • , Xn)] = 0. 
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In the contrary case the functions are functionally independent 
relative to R. 

Example . The functions 

/i = xi 2 + % 2 2 , ji = X 1 2 — x 2 2 , / 3 = X &2 

are functionally dependent relative to R(l) since 

./i 2 -/ 2 2 - 4/ 3 2 = 0. 

In this example the function F(z h z 2 , z 3 ) referred to in the definition 
is Zi 2 — z 2 2 — W. 

Theorem 7. The elementary symmetric functions of n independent 
variables are functionally independent relative * to any field which 
contains none of these variables . 

Let 

(1) F(z h • * • ,Zn) - 2 « • • • qn zi Ql Z 2 qi • * * 5 ^ 0 

be a polynomial in a field 12 containing none of the variables 
x h • • * , x n . It is assumed that the right member of (1) has the 
reduced form in which no two distinct terms have exactly the same 
exponents of z ly 22 , • • • , z n . Let <r 1} • • - , a n be the elementary 

symmetric functions of xi, • * • , x n . We are to prove that 

F(oi, * * • , cr n ) 5^ 0. 

Of the terms of (1) consider those for which + <& +•••.+ q n 
is a maximum; and of these select those for which q 2 + • • • + q n 
is a maximum; of these select those for which q 3 + • • • + q n is 
a maximum; etc. There can be only one term which meets all 
these requirements; for if 

£1 + & + • • ■ + q n = qf + q% + * • • + q n ', 

q 2 + - - • + q n a 02 y + • • * + qn, 


then 


0 »- 1 + q n = 
Q n = 


q*n — 1 + Qn, 


0» = 0»', = ffV-1, • * • , 01 = 01*. 

Let c qiqt . . * - • z n q * be this unique term. We have 

( Ti qi C ^ (xi + • • + x n ) q ' 

(XiXz + • • + Xn-iX n ) q > (Xi X n ) q \ 
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Therefore one of the terms which occurs when 

* * 

is expressed in terms of x h • • • , x n is 

(2) c QlQ2 . . . Qn xi qi {xix 2 y* • • (xiX 2 x n y 

= C qi q 2 , fn Xl« 1+ 92+ '• 1 +9n X2 tf2+ ' £ n _l ff "- 1+,7 »£ n «" J 

and no other term has the same exponents. Moreover, in view of 
the maximal conditions imposed on q h * • * , q n , no term whose 
exponents are the same as those of the right member of (2) can 
arise when any other term of F(cr h • * • , <r n ) is expressed in terms 
of xi, * * * > x n . Therefore, when F(<r h • * • , ar n ) is expressed in 
‘terms of Xi, • . • * , x n , and simplified by combining like terms, the 
right member of (2) will actually occur since it does not combine 
with any other term. We conclude that F(<r lf •■•,0^0. 

49. The fundamental theorem f on symmetric functions.* ; A 
polynomial in n variables xi, • • • , x n in a field R consists of the 
sum of a finite number of monomials such as cxf'xif* * • * x n Pn , 
where c is an element of R and the p’s are non-negative integers. 
If this monomial is a term of a symmetric function, every monomial 
obtained from it by permuting the x’s in all possible ways is also a 
term of the symmetric function. Therefore every symmetric poly- 
nomial equals a linear combination of 2- functions . By a 2-function 
we mean a symmetric function which is the sum of all the distinct 
monomials obtained from a given monomial by permuting the 
variables in all possible ways. A 2-function is determined by any 
one of its terms. The 2-function determined by X\ v 'Xi v * • * • x n p * 
is denoted by 

(1) 2z 1 ^2 P2 • * * Xn v ». 

We proceed to prove that (1) is expressible in terms of the elemen- 
tary symmetric functions of xi, * • • , x n . 

Let xi, X 2 , • • • , x m ' be m variables independent of one an- 
other and of #i, • • * , ak, 7?i being greater than the largest of the 
exponents in (1). Construct the polynomials . 

(2) A(x) = (* — *x) • • • (X — Xn) 

= x n — <ria: n - 1 + cr 2 x" _2 — • ■ • + (— 1)V„, 

* The proof which follows is due to M. Faber, Archiv der Mathematik und 
Physik, Vol. 16 (1910), p. 144. 
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(3) B(x) = {x + zi) • * * (* 4- xj) 

= X m (TiX™- 1 + (TlX™- 2 + * * * + cr m / . 

By Theorem 5, 

(4) p(A,£) = B(x{)B(x2) • • * J?(aO *■ 

= (xr + <r i'xr~ l + <r 2 ' Xl m ~ 2 + + (xj) 

X (x 2 m + o-/^" 1 + cr 2 % w “ 2 + + <r m ') 

X (x n m 4- <TlXn m - 1 4“ <T 2 ' X n m ~~* 4“ * * * + <T m '). 

The coefficient of a m — p x x m — * * * o* m — p n m the expansion of the 

last member of (4) is precisely the 2-function (1). The reader may 
verify this statement by studying the law of combination of the 
terms of the expansion, noting that the coefficient of (r' m ~ Pk in the 
Zth line of the last member of (4) is xf*. 

On the other hand, the coefficient of (r' m - Pl cr' m -. P2 • * • <r' m _ Pn in 
the first member of (4) is a polynomial in cr lt o- 2 , * - * <x n with 

integral coefficients,^ for p(A, B) is a polynomial, with integral 

coefficients, in 0 % cr 2 , • • - , cr n , erf, erf, , o* m '. Since, by 
Theorem 7, af, a/, • * * , <r m ' are functionally independent 

relative to R(x 1} x 2} * • • , x n ), we may equate coefficients. 

Therefore (1) equals a polynomial, with integral coefficients, in 

02 , * * * , CTp. 

Theorem: 8. Every 2-function of n independent variables can be 
expressed in one , and in only one , way as a polynomial , with integral 
coefficients , m the elementary symmetric functions of these variables. 

Theorem 9. Every rational integral symmetric function of n varia- 
bles, with integral coefficients, can be expressed in one , and in only 
one, way as a polynomial , with integral coefficients , in the elementary 
symmetric functions of these variables. 

Theorem 10. (Fundamental Theorem on Symmetric Func- 
tions). Every rational integral symmetric function of n variables , in 
a field R, can be expressed in one, and in only one, r way as a poly- 
nomial, with coefficients in R, in the elementary symmetric functions 
of these variables. 

In each of these theorems the uniqueness of the indicated poly- 
nomial follows from Theorem 7. 

50. Degree and weight of a symmetric function. When the 
variables x h • * * , x n are permuted in any manner, the monomial 
xi Vl X 2 p * • * * x n Pn is transformed into a monomial of the form 
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x v pl x Vi pi * * • x Vn p *, where v h v 2 , * * * , v n are the integers 1, 2, * * *' , 
n in some order or other. The sum of the exponents of each of 
these monomials is the same number pi + p 2 + * * * + p n . 
Therefore, every non-homogeneous symmetric polynomial equals the 
sum of two or more homogeneous symmetric polynomials. 

The degree of a symmetric function is its degree in any me of 
the variables. The weight of a homogeneous symmetric function is 
its degree in all the variables. For example, the degree of the 
^-function Xxi P1 x 2 Pl • * * x n pn is the largest of the exponents' 
p h p2, * • * , p n ; its weight is pi 4- Vi + • * • + p». Again, each 
of the elementary symmetric functions is of degree 1, while the 
&th elementary symmetric function is of weight k. 

Let f(xi, • * * , x n ) be a homogeneous symmetric function, and. 
let its expression in terms of the elementary symmetric functions 
be 

(1) - ffrh * * • ,Xn) = 2c gi * a , , . gSl 91 *** • * * 

We wish to compute the degree 6 and the weight w of 

f(xi, • * • ,Xn) 

by means of the right member of (1). 

When each of the cr’s in (1) is expressed in terms of the x’s, (1) 
becomes an identity in the z’s. Let us replace x lf • • * , x n by 
tei, • * • , txn respectively, t being a new variable. Then a k be- 
comes t k <r k) and 

( 2 ) f(fzi, • ,ixn) 

= 2c qiqs . . . <&* ■ * * <r n qn . 

But 

(3) f(tX l, , tX n ) = t w f(x i, * * * , X n ). 

Therefore 

( 4 ) w = qx + 2^ 2 + * • • + nq n , 

this number being necessarily the same for each term of the right 
member of (1). When this condition is not satisfied the right 
member of (1) does not represent a homogeneous symmetric 
function. 

Of the terms of the right member of (1), select those for which 
<?i + #2 + * • * + q n is a maximum; of these select those for 
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which q 2 + • * • + q n is a maximum; etc. We saw in § 48 that 
only one term satisfies these requirements. Denoting this term by 
c qiqt . . . qn <Ti q '<T 2 q2 • * • we also saw that one of the terms 
which occurs in the expansion of this expression is 

Cfcft * ‘ * +$ ^2 5i+ * * ’ +ff ' * 

and that no other term with the same exponents could occur in 
the expansion of the right member of (1). Therefore #i actually 
occurs to the fa + q 2 + * • • + £ n )th power in ffa, * . . , Xn ) 
and evidently to no higher power. The degree of f fa, • • • , x n ) is 
therefore, the maximum value of qi + q* 4- • * * + q n . 

Theorem 11. If Ec qiq2 . . . Qn <r i ei cr2 ?2 * • • <T n Qn represents a 
homogeneous symmetric function of x h • • • , x n , of degree 0 and 
weight w, or k denoting the kth elementary symmetric function of 
Xi, • * • , x n , then 6 is the maximum value of qi -+ q 2 + * • * + q n 
and w = qi + 2q 2 + • • * + nq n . 

51. Evaluation of symmetric functions. Simple symmetric 
functions can be evaluated (expressed in terms of the elementary 
symmetric functions) by algebraic manipulation. For example, 

= Xi 2 + • * * X n 2 = fa + * • • -f x n y ~ 2Ex X X 2 

= ad — 2ct2 ; 

= (Ex I) 3 — 32xi X 'Ex ix 2 + 3ExiZ 2 xz = ci 3 — 3crio 2 + 303. 

Algebraic manipulation is clearly unsatisfactory when the sym- 
metric function is sufficiently complicated. The methods illus- 
trated in the following examples will then be found serviceable. 
Example 1. Evaluate the symmetric function 

fa — x 2 ) 2 fa — x s ) 2 fa — Xi ) 2 

of zi, x 2 , and x 3. 

The, weight and degree of this symmetric function are w = 6 
and 0 = 4 respectively. The integer 6 is first partitioned in all 
possible ways into a sum of at most 4 smaller positive integers, 
none of which exceeds 3 (3 being the number of variables). The 
only possible partitions are 

6 = 3 + 3- 34:2 + 1= 3 + 1 + 1 + 1 
■ =2 + 2 + 2 = 2 + 2 + l + l. 

Corresponding to these partitions we form the functions 

03 2 , , 0-1V3, 02 3 , cr 1 V 2 : 2 
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respectively, each of which is of weight 6 and degree ^ 4. There 
are other partitions of the number 6 such as2+l + l+ l + l 
and 4 + 2. The first of these is rejected because the corresponding 
symmetric function <ri 4 <r 2 is of degree 5; the second is rejected 
because the corresponding symmetric function is <r 2 <T 4 and there is 
no a -4 in the present example. 

We now write 

m ( Xl - X 2 ) 2 (x 2 - x 3 ) 2 (x 3 - xt) 2 = Zi< 7 3 2 -f kviam + WV 3 

+ i 4 <T2 3 + h<? I 2 V2 2 . 

The ri°ht member represents the most general homogeneous sym- 
metricof 3 variables of weight 6 and degree 4. Our problem re- 
duces to that of determining the Vs (which are integers by Theorem 
9) so that (1) is satisfied. We do so by a judicious choice of cubic 
equations whose roots are known. 

( a ) x ) _ 1 = 0; xi = 1, X 2 = o), x 3 = w 2 ; <7i = 0, <t 2 = 0, <r 3 = 1; 

where « and u 2 are the imaginary cube roots of unity. Bearing in 
mind that 1 + co + « 2 = 0 and that w 3 = 1, we find that 

(xi — Xi) 2 = (1 — «) 2 = 1 — 2co + co 2 = — 3o>, 

(Xi — x 3 ) 2 — (o> — o) 2 ) 2 = « 2 — 2 + u = —3, 

(i 3 - xi) 2 = (u 2 - l) 2 = « - 2u 2 + 1 = -3w 2 . ' 

Substituting in (1) we have 

(2) -27 = h, 

(b) , x 3 - x = 0;zi ='0,Xi = i,x 3 = -1; 

' 1 <Ti = 0,(72 = -1, <r 3 = 0. 

Substituting in (1) we have (-1) 2 • 2 2 (-l) 2 = -k. Therefore 1 

( 3 ) U = - 4 - 

(c) x 3 - 2x 2 + x = 0; xi = 0,Xi = 1, x 3 = 1; 

<T 1 = 2 , <Ti — 1 , (73 = 0 . 

Substituting in (1) we have 0 = U + Us- Therefore, by (3), 

(4) l 6 =l. 

(d) x 3 - 2x 2 -x + 2 = 0]xi=l,xi= -1, r 3 = 2; 

(7 1 = 2, (72 = —1, <73 = —2. 
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Hence 


36 = 4Zi + 4^2 — 16Z 3 k 4* 4Zg. 
It follows from the preceding results that 


(6) 

(e) 

Hence 


l 2 - 4Z 3 - 34. 

x 3 — . 3x 2 4- 3rr — 1 0; Xi = x 2 = x s ~ 1; 

<?l = 3, <72 = 3, o- 3 = 1. 


0 = l x 4- 9k + 27k 4- 27 U 4- 8IZ5, 

so that 

(6) X 4- 3k * 6. 

Solving (5) and (6) we obtain Z2 = 18 and k = —4. Therefore 


(xi - x 2 ) 2 {x 2 - x 3 ) 2 (x 3 - X1) 2 - — 27^3 2 + 18o-i<t 2 o- 3 - 4^% 

- 4<r 2 3 4- or,^ 2 . 

Example 2. Evaluate 2a; the number of variables n 

being arbitrary. 

Here w = 8 and 6 = 2 } and 

8 = 8 = 7 + 1 = 6 + 2 = 5 + 3 = 44-4. 

Therefore 

(7) ljXi 2 X2 2 X3 2 XiX5 = l\(T g + Uaid'i + + k&acr* + Zgcr* 2 , 

where the Z's are integers to be determined. Since x h , x n 
satisfy the equation 

(8) x n ~ <JiX n - 1 + + (— l)v n = 0, 

and <tq, <tiq, • . • • do not appear in the right member of (7), we 
take <r 9 = 0, <rio = 0, • • • , without affecting (7). Then (8) 
becomes 


( 9 ) xr — a# *~ x + • • • + <raZ n ~ 8 = 0 , 

which has n — 8 roots equal to 0. Therefore, the right member of 
(7) is the same for every n ^ 8. In other words, the Vs are inde- 
pendent of n. We shall therefore assume that there are only 
8 re’s in the left member of (7). 

We first choose £5 = = x 7 = x 8 = 0; hence <r 5 = <r 6 = cr 7 

= <?s = 0. Substituting in (7) we have 0 = Zgo^ 2 , so that Z 5 = 0. 
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Next, choose x 6 = x 7 = a* = 0; hence <r 6 = Vl = n = n Vanh 
term of the left member of (7) is divisible by = , 5 

Cancelling, we obtain Zx^xs = ha 3 . Therefore h = 1 

Now take x 7 = x a = 0 and the other x’s = 1. As these x’s 
satisfy the equation 

xKx - l) 8 = Z 8 - 6x> + 15*6 - 20*5 + 15x“ - fe. + ** _ 0 
<r x = 6, <7 2 = 15, <r 3 = 20, cr 4 = 15,<r s = 6,<r 6 = 1, «r 7 = 0 ,<r 8 = o. 

Each term of the left member of (7) has the form 
whose subscripts are five of the first six natural numbers if we nee 
Iect terms which vanish. There are (6 ■ 5 • 4)/(l -2-3) = 20 choices 
for the tad m After one of these has been selected 
there are (3 • 2)/(l • 2) = 3 choices for the pair xjx t The left 
member of (7) therefore consists of 20 X 3 = 60 non-vanishing 
terms, each of which has the value 1. Hence 60 = 15Z, 4 - ion 
since U — l; therefore k = —4. ' ’ 

Next, take x s = 0 and the other x’s = 1. As the first seven x’s 
satisfy the equation 

(x - 1 y = x>- 7x‘ + 21x 5 - 35a; 4 + 35a;* - 21a; 2 + 7a; - 1 = 0, 
v, = 7, <r 2 = 21, <rg = 35, <r 4 = 35, <r 5 * = 21, <r 5 = 7,<r, = 1, ^ = 0 .’ 

5he number of non-vanishing terms in the left member of (7) is 

now (7 • 6 • 5)/(l • 2 • 3) X (4 - 3)/(l - 2) = 210, and each of these 
terms has the value 1. Therefore 

210 = 7k - 4* 21 * 7 + 35*21, 

and k — 9. 

Finally, take all the x’s = 1, satisfying the equation 

(x - l) 8 = z* — 8a: 7 + 28a: 6 — 56a: 5 -f 70a: 4 — 56a: 3 -f 28a: 2 - 8a: 

+ 1 = 0. 

Here <x x = 8, <r 3 = 28, <r 3 = 56, cr 4 = 70, <r s = 56, <r e = 28, <r 7 = 8, 

<r 8 = -1. 

The number of terms in the left member of (7) is (8 ■ 7 • 61 1(1 • 2 - 31 
X (5 • 4)/(l • 2) = 560. Therefore ' 

560 = h + 9 • 64 - 4 • 28 • 28 + 56 • 56, 
and l x — — 16 . We conclude that 

Sxi 2 X2 2 Xj s X 4X6 = — 16cr g -j- 9cr x <r 7 — 4o" 2 a' s ojUj. 
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EXERCISES 

Show that the following symmetric functions have the indicated evaluations. 
. 1. (Si 2 + Xt) fe 2 + xf 2 ) (xz 2 -t *i 2 ) 

= - 0 - 3 2 + 4a- 1 cr 2 0'3 - 2 o”2 3 - 2(Ti 3 (T3 + 01 V. 

2 . (£i 2 £ 2 4- £ 2 % 4- Xz 2 Xi) (xiXi 2 + x 2 Xs 2 4 - a^i 2 ) 

= 9°3 2 4- 01*03 4- 02 * — 60 * 1 ^ 203 . 

3. (xi + x 2 - x 3 ~ xf){xi “X 2 + %“ xf)(xi - x 2 — ,®j + a? 4 ) 

= S<7* 3 4<r iflTa 4~ 0"i 3 . 

4. (^ 1 X 2 4- x&4)(xi%3 4- X2Xi)(xiXi 4“ ^ 3 ) = ~4<r2<r4 4- 0104 . 4- o 3 2 . 

6 . hxiHi = ^3o 3 4“ 0102 ^ 

6 . Xxi 2 x 2 2 5 = 2 o - 4 — 2oio- 3 4- o 2 2 . 

7. X^i 2 ^ = —40-4 4- 0103- 

8 . XXi 2 X2 2 X 3 — 50s — 3o'i0’4 4- O 2 O 3 . 

9. 2xi 2 x 2 2 x 3 X4 = 906— 4ctio- 5 4- 0204 . 

10. X^i 4 — —40*4 4- 4oi<ra*4- 2o 2 2 — 4 o-i 2 o* 2 4- o-i 4 . 

52. The symmetric function s*. Newton’s identities. The sum 

of the &th powers of n variables is a symmetric function of these 
variables of particular interest and may be evaluated with the aid 
of the following theorem. 

Theorem 12. Let f(x) ~ ao(x — xi)(x — x 2 ) • • • (x - x n ) 
(a 0 5 ^ 0), and let s k = Xi k 4“ 4- * * * + x n k . The quotient of the 

division'of the 'polynomial x k+1 f(x) by fix) is 

4- + s 2 x k " 2 4 - ... 4 - Sk-ix 4- s k) Oo = n). 

We are to prove that 

(1) x*+ l f(x) = (sox k 4- Six*- 1 + • • * + s^ix + s k )f(x) + g(z), 

where g{x) is either 0 or a polynomial of degree < n — 1. Differen- 
tiating 

f(x) = a 0 (x - x x ){x -%)•*• (x - Xn), 


and multiplying by x k+l , we have 



, x i+1 f(x) 

1 

1 

8 

X — Xn 

. __ XI X k+1 f(x) _ (2* +1 - 

x — Xi ~ Zj 

»=1 Vm 1 

- 4- Xi k+1 )f(x) 

X — Xi 



Xj k+1 f(x) 
X — Xi 
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The degree of the polynomial 
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g&) = 

t=l 


z»* +1 /(z) 

X X% 


is clearly < n — 1. The quotient of the division of x k+l f(x) by 
f(x) is therefore 

** = 2 (x k + XiX k -' + + *<*-% + *<*) 

X X£ i — 1 

= nx* + (Sx^a;*- 1 4 • * * 4 4 

= Sctf fc 4 Six k ~ l 4 • • • 4 *k-ix 4- s k . 


We now suppose that f(x) is a primary polynomial, so that 
fix) = X n + CiX n ~ l + * * • 4 Cn-lX 4 c nj 

where 

Cl = cr 1? C2 = cr 2 , * • * , Cn = (— l) n <r». 


Written at length (1) becomes 

nx n+k + (w — l)ci£ n+ *~ 1 4" * 4- 2c n _2£ fc+2 4 c n _iX i+I 

(2) = (s(& k 4- six k ~ l 4 * 4" Sk-ix 4- Sk) 

X ( x n 4 cix n " 1 4- • 4- Cn_iz 4 c n ) 4 g(x). 

Equating coefficients of z n , observing that the coefficient of x n in, 
the left member of (2) is (n — k)c k if k < n and is 0 if k > n, we 
have 

Sk 4 CiSfc-i 4 C 2 Sk —2 4 * 4 Ck-iSi 4 no* = (n — k)c&, (k ^ n) . 


(3) s k + c lSA _ t + e 2 s*_ 2 + • + c n _ lSk _ n+1 + c n s k _ n = 0, 

' ( k > n). 

The first of these equations may be simplified, yielding Newton’s 
identities: 

(4) s k + + c 2 s *_ 2 + • • • + c^s i + kc k = 0, 

. (* = 1, • • • , n). 

The symmetric functions Si, s 2) • * * may be successively com- 
puted by means of (4) and (3) in- terms of ci, c 2 , • • * , c n or 
<?i, <r 2 , * - • , <r n . They may also be computed by means of 
Theorem 12. 
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EXERCISES 

1. With the notation of the text, show that the leading coefficient of 
g(x) is OoSib+i. 

2. Show that 

g(xi) = Xi k+ 1 f(xi), (i = 1, ■ • * , n). 

3. Deduce (3) from 

Xi k ~ n f(xi) 4 X 2 k ~ n f(x 2 ) 4 ■ • • 4 X n k ~ n f(x n )= o. 

4. Verify the indicated value of s* for the roots of each of the following 
polynomials: 

(a) z 4 4 5s 3 + 2x 2 - Sx - 7, s 3 - -71. 

(b) x $ — x 2 — 2x 4 1, $4 = —3. 

(c) x n nx t(n> 5), s 3 ~ 0, s n = — nt . 

5. To find the value of for the roots of f(x), find the value of s* for 
the roots of the polynomial whose roots are the reciprocals of the roots of 
f(x)» V erify the following : 

(a) x 4 4 x 4 1, s-3 — —1. 

(b) x 2 — ix 4 2, s - 3 = — 7i78. 

6. Show that 

(a) s 2 ~ ax 2 — 2cr 2 . 

(b) s 3 = — 3cri£r 2 4 3o- 3 . 

(c) S4 = <T\ a — 4cr 1V2 4 4(Ticr3 4 2cr 2 2 “ 4*74. 

7. Show that 

(a) <r 2 = ^(si 2 — s 2 ). 

(b) <r 3 = i(si 3 - 3sxs 2 4 2s 3 ). 

(c) (74 = ^j(si 4 — 6 si 2 s 2 4 8S1S3 4 3s 2 2 — 654). 

53. Miscellaneous problems. The theory of symmetric func- 
tions may be employed to great advantage in the solution of prob- 
lems such as the following: 

Example 1. Find the condition that two roots of the equation 
aax z 4 a x x 2 4 <W 4 a z = 0 

be equal. 

Denote the roots by xi, x 2 , x 3 . In order that two roots be equal 
it is necessary and sufficient that (x x — x 2 )(x 2 — x z )(x 3 — x x ) = 0. 
But the left member of this equation is not a symmetric function. 
The square of this function is, however, a symmetric function, and 
its vanishing is also a necessary and sufficient condition that the 
cubic have a pair of equal roots. We have seen (§ 51) that 

(£1 — X2) 2 (x 2 — 2 3 ) 2 (£3 — Xi) 2 = —27<Jz 2 4 18<7iCT 2<73 — 4tTiV 3 

— 402® 4 W 
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— 27ffl 0 2 a 3 2 -f VHaao^ayaz — — 4ooOj! 3 -f- a-^a^ 

aa* 

whose numerator,, it will be observed, is a homogeneous function of 
the fit’s. The required condition is 

— 27a 0 2 <fe 2 + 18aoaia 2 c 3 — 4ai 3 a 3 — 4a 0 a 2 3 + ai 2 a 2 2 = 0. 

Example 2. Find the condition that the roots of a cubic equation 
form a geometric progression. 

With the notation of Example 1, a necessary and sufficient con- 
dition is that fo 2 - z 2 z 3 ) (z 2 2 - ziZ 3 )(z 3 2 - XlX2 ) = 0 , whose left 
member is a symmetric function of degree 4 and weight 6. Instead 
of expressing it first in terms of the <r’s and then in terms of the 
a's, let us express it directly in terms of the o’s, bearing in mind 
that Oi is of degree 1 and weight i. We have 

OoW - xix 3 ) (xi 2 - xix 3 ) (z 3 2 - xixt) 

= ZiO 0 2 o 3 2 + IvaodiOias + 4ai 3 a 3 + Z 4 a 0 o2 3 + ha^aS, 

in which a power of a 0 has been introduced, where necessary, to 
make each term of degree 4 in the o’s. 

We find that k = 0, k = 0, l, = 1, U = -1, f 5 = 0 . The re- 
quired condition is therefore 

fli 3 a 3 — a 0 a 2 3 = 0. 

Example 3. Find the resultant of A(x) = ao z 2 + age + and 
B(x) — box 3 + bix 2 + biX + b 3 . 

Let A(x) = oo(z — xi)(x — z 2 ). By Theorem 5, 

p{A,B) = a<?B(xi)B(xi) 

= a a \boXi 3 + 61Z1 2 + 6aZi + 6 3 )(6 oZ 2 3 + b lX2 2 + fet 2 + b 3 ) 

= o 0 3 6o 2 zi 3 z 2 3 + Oo 3 6o6i(xi 3 z 2 2 + xiW) 

+ a 0 3 6o&j(zi 3 z 2 + Xl x/) -(- a 0 3 6o6 3 (zi 3 + z 2 3 ) + o 3 3 bfrxW 
+ aAbMx^Xi + Xl x 2 2 ) + ao 3 6i6 3 (xi 2 + z 2 2 ) + a a % 2 Xl x 2 
+ a 0 3 b 2 b 3 (xi + z 2 ) + a 0 3 5 3 3 . 

Now 

£1 + £2 = *-ai/a 0 , x 1X2 = 02 /a Q ; 

XiW + z 2 2 z 2 3 = Xl 2 x 2 2 ( Xl +Xt) = — a 1 a 2 2 /oo 3 ; 

Zj 3 + Z 2 3 = { Xx + x 2 ) 3 - 3 z 2 Z 2 (Zi + Xi) = - gl! ~ 3000x02. 

a 0 * 
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Therefore 

p(A, B) = a 0 % 2 - - 2a 0 W>i& 3 + + a 0 a&Jb, 

-£• ScLodidibobi — dodiOzbibi — 2ao<X2 2 £>o&2 *4- dooffli 2 

— didi 2 bobi + di^chbobz — ai 3 bo & 3 + <h 3 b^. 
EXERCISES 

1. Find the condition that the roots of a cubic equation form an arith- 
metic progression. Ans. 2a i 3 — 9aoaia 2 + 27oo 2 a 3 = 0. 

[The condition is 0 ~ {2xi — x 2 — x 3 ) (2x 2 — x x — x 3 ) (2x 3 — Xi — x 2 ) 

— (3£i + dilao)(Zx2 + di/ao)(Zxz + cti/uo) 
since nji + x 2 + a* = — ai/a* Dividing each factor by —3,, the condition 
becomes /(—ai/3ao) — 0 since /(re) - Oo(rs — xi)(x — re 2 )(rr — rc 3 ).] 

2 . Find the condition that the roots of a cubic equation form a harmonic 
progression. 

3. Find the condition that one root of a quadratic equation be k times 

the other. Ans. ( k + l) 2 ao02 — ka i 2 = 0. 

4 . Find the condition that one root of a quartic equation be equal to the 
sum of the other three. Ans. 16ao 3 a 4 — 8ao 2 aia 3 + iaoa^ch — ai 4 = 0. 
[Follow the method suggested in Ex. 1 .] 

6. Find the condition that the sum of two roots of a quartic equation 
be 0. Ans. ai 2 a 4 + aw* — aia^ = 0. 

6. Find the resultant of ayx 2 -f aa + (k and b& 2 + bix + &>- 

7. Prove that x n 4 x" 7 * = f(x + x _1 ), where f(y) is a polynomial with 
integral coefficients; and find f(y) when n — 2, 3, 4. 

Ans. n * 2, /(#) = ^ 2 - 2; n = 3, /(y) = y 3 - Zy; 

n = 4, /(?/) = t / 4 - 4?/ 2 + 2. 

8 . Find the quadratic equation whose roots are 

y i = Zi 2 z 2 + x 2 2 x 3 + x 3 2 xi, y 2 ~ XiX 2 2 + z 2 x 3 2 + a^Ci 2 , 

the x J s being the roots of the equation oqx 3 -f aix 2 + a& -f = 0. 

Ans. OQ*y 2 + (ao 2 aia 2 — 3 <h s dz)y 9ao 2 a3 2 + aoa 2 3 H- ai 3 a 3 -7 6aoaia 2 a 3 = 0. 



CHAPTER VII 

ALGEBRAIC EXTENSIONS OF A FIELD 

54. Methods of extending a field. A field is said to have been 
extended if a larger field has been found which contains the given 
field. The following examples show how fields may be extended: 

1. If suitable definitions can be set up of the convergence and 
limit of a sequence of elements of a field R which is not compact 
(§ 30), the field may be extended by adding to R the limits of all 
convergent sequences of elements of R. The field of rational 
numbers may be extended in this way to the field of real numbers 
since every real number is the limit of at least one sequence of 
rational numbers; * and the field R(i) to the field of complex 
numbers. 

2. Let x. be a variable not contained in a field R. The field R{x) 
consisting of all rational functions of x with coefficients in R is a 
transcendental extension of R. Every field may be extended in 
this way. 

3. Let a be a root of an irreducible equation of degree ^ 2 in a 
field E. The field R(a) consisting of all rational functions of a 
with coefficients in R is an algebraic extension of R, obtained by 
adjoining a to R. The fields R{x) and R(a) have essentially dif- 
ferent properties because the powers of x satisfy no linear equa- 
tion with coefficients in R, whereas certain powers of a do satisfy 
an equation of this type. 

The algebraic extensions of a field are most important in the 
Theory of Equations and will be treated in this chapter. 

55. Algebraic elements relative to a field. A root of a poly- 
nomial in a field R is called an algebraic element relative to R. If 
R is the field of rational numbers the root is called an algebraic 
number. f If R is the field of rational functions of one or more 
variables with coefficients in a number-field, the root is called an 
algebraic junction of these variables. 

* Consider, for example, the representation of a real number in the decimaL 
system. 

f But not every complex number is an algebraic number. See § 65. 

119 
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Examples: 0, —1, 2V7 + 4i, and ^2 are algebraic numbers. 
$x, Vxi + X 2 *, and <xi + i — 3\x 2 — V 2x 3 are algebraic func- 
tions. There are, however, algebraic numbers and algebraic func- 
tions which are not expressible in terms of radicals. 

An algebraic element relative to a field may or may not be an 
element of this field. The question of the existence of a root of a 
polynomial therefore arises. We shall see in the next chapter that 
if R is a number-field every polynomial in R of degree n has exactly 
n roots in the field of complex numbers. Therefore (§ 17) a poly- 
nomial of degree n in the field of complex numbers may be ex- 
pressed in the form 

(1) a Q (x — ai) (a; — a 2 ) • • * (x — a*), 

where a 0 is the leading coefficient of the polynomial and <x h a 2 , 
* * * , a n its roots (complex numbers). It is proved in works on the 
Theory of Functions that a polynomial of ''degree n in the field of 
rational functions of* one or more variables, with coefficients in 
the field of complex numbers, has n roots, and may be expressed 
in the form (1) where a 1} a 2 , * * • , a n are the roots (algebraic 
functions) of the polynomial. While these are the only cases we 
shall require, it may be pointed out that if R is any field, a field E' 
may be constructed such that every polynomial in R of degree n 
has n roots in El and may be factored in R' as indicated by (1). 

56. Conjugate elements and conjugate fields. Every algebraic 
element relative to a field R is clearly a root of more than one 
equation in R. Of all equations in R of which an algebraic ele- 
ment relative to R, is a root, those of lowest degree are associates in 
R. For if a is a root of each of the polynomials in R 

A(x) = aox n -f a x x n ~ l + * • * + a „_ ix + a n , (a 0 ^ 0), 

B{x) = b(& n + bix n ~ l + • * * + bn-ix + (bo 0), 

and of no polynomial in R of degree < n, then a is a root of the 
polynomial 

boA(x) — a$B (x) ~ (boai — ao&i)s n-1 + • « • 

H” (bo&n—i &<)b»— i)X “f“ baCln O’obnf 

which must be the zero-polynomial. It follows that A(x) and 
B{x) are associates in R. 

If a is a root of an equation of degree n in R } but of no equation 
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in E of lower degree, a: is of degree n relative to R; and the field 
R{u), consisting of all rational functions of a with coefficients in 
R } is an algebraic field of degree n relative to R. If n = 1, R(a) 
= R. When n = 2, 3, 4, • * • , R(a) is called a quadratic, cubic, 
quartic, ,• * * field respectively relative to R. 

Theorem 1. If a is of degree n relative to R, an equation of degree 
ninRof which a is a root is irreducible in R. # 

Let a: be a root of the equation A(x) = 0 in R of degree n, and 
of no equation in R of lower degree. If A ( x ) is reducible in R } 

A(x) — B(x)C(x), 

where B(x) and C(x) are polynomials in R of degree ^ 1 and 
< 7 i — l. Since A (a) = B(a)C(a) = 0, either .Biot) = 0 or 
C(a) = 0; that is, a is a root of an equation in R of degree < n, 
contrary to hypothesis. Therefore A (x) is irreducible in R. 

Theorem 2. If a polynomial fix) in R has a root in common with 
a polynomial A (x) which is irreducible in R, fix) is divisible by A ix). 
(The root in question need not be an element of R.) 

If A(x) and fix) are relatively prime, there exist two polyno- 
mials U(x) and V(x) in R such that 

A(x)V(x) +f(x)U(x) = 1. 

Let a be the common root of A(x) and f(x). Substituting x — a 7 
we obtain 0 = 1. Therefore A (s) and fix) are not relatively prime. 
Their g.c.d. must be Aix) itself since Aix) is irreducible in R and 
has no divisors in R besides constants and associates of Aix). 
Therefore /(#) is divisible by Aix). 

The primary irreducible polynomial in R of which a given alge- 
braic element relative to R is a root is therefore unique, and is a 
divisor of every polynomial in R of which this element is a root. 

We have seen (§ 20) that an irreducible equation has no multiple 
roots. Therefore if a is of degree n relative to R, the primary 
irreducible polynomial in R of which a is a root has exactly n roots 

ai = a, a 2 , * * * , OL ni 

all of winch are distinct. Each of these roots is called a conjugate 
of any one of them relative to R. Each of the fields R(ai), E(a 2 ), 
* * * , Riocn) is called a conjugate of any one of them relative to R. 

Although conjugate elements are distinct, conjugate fields need 
not be distinct. For example, V2 and — V2 are conjugates relative 
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to R(l), but E(V 2) — E(— V 2). Again, ^2, — ^2, ^2 and —^2 
are conjugates relative to R(l), being the roots of the equation 
x 4 = 2, which is irreducible in E(l); but R(y/ 2) = #( — ^2) and 
R(i-tl2) = R(—i<!2), so that only two of the four conjugate fields 
are distinct. 

Theorem 3. Every equation in R which is satisfied by an algebraic 
element relative to R is satisfied by every conjugate relative to R of that 
element. 

Let a be an algebraic element relative to R satisfying the irre- 
ducible equation A (x) =0 in R , whose roots are a.i = a, * - * , 
a n , the conjugates of a relative to R. If a is also a root of the equa- 
tion fix) = 0 in R, then, by Theorem 2, 

fix) = A(x)g(x), 

g(x) being a polynomial in R. Substituting x = a„ we obtain 
/(«>) = A(ai)g{oii) = 0, (i = 1, • • • , n). 

EXERCISES 

1. Find the degree of each of the following algebraic numbers by deter- 
mining an irreducible equation in R(l) satisfied by the number. Eisen- 
stein’s Irreducibility Theorem (§ 27) will be found useful. 

(a) V-3 + V7. 

(b) V3(l + i). 

(c) 9 5(1 + 0/ 2. 

(d) V6 + 4a/2 + V6 — 4V2 (positive square roqjg). 

Ans . 1; in fact, the given number is equal to 4. 

(e) 95. 

(f) V2 + V5 + V2 — V5. [Cube the number, observing that if 
x — a + then z 3 — a 3 + 6 3 + 3a6x.] 

(g) 1 -f ^3 + ^9. Aw. 3. 

(h) 2V2 + 3V5. 

2. Find the degree of V2 + V3 + V6 relative to relative to 

R( V2) ; relative to jR(V 3) ; relative to R ( V§). 

3. Find the degree of— i + ^4 relative to R(i); relative to R($ 2). 

4. Find the degree of $t -f- \^£ 2 relative to E(£), where £ is a variable. 

5. Prove that if an imaginary number is a root of an algebraic equation 
with real coefficients, its conjugate imaginary is also a root. 

6. Show that an equation in the field of real numbers has an even 
number of imaginary roots. 
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7. Prove that if a 4* bslr is an irrational root of an algebraic equation 
with rational coefficients, a and b being rational numbers, a — &Vr is also 
a root. 

8. Does an algebraic equation with rational coefficients necessarily 
have an even number of irrational roots? 

9- If a + 6^2 is a root of an algebraie equation with rational coeffi- 
cients, does it follow that a — b^2 is also a root? 

10. Same question regarding a + 6\ ; 2. 

11. Solve x 4 + x 3 — 4x 2 ~J>x — 5 = 0, given that V5 is a root. 

12. Solve x s — 5x + 14 V3 = 0, given that V3 + 2i is a root. Is 
— V3 + 2i a root? 

13. Solve x 3 — ix 2 + (—7 — i)x + 6 -f 6f = 0, given that 1 + i is a 
root. Is 1 — i a root? 

14. Solve x 4 — 3x z + 8r 2 -4- V7x — 13 = 0, given that 2 — Si is a root. 

16. Solve 2x b — 3r 4 + 13r 3 — 14r 2 + 2 = 0, given that ^2 — ^4 is 

a root. 

16. (a) What is the degree, relative to R{ 1), of a primitive pth root of 
unity, p being a prime number? 

(b) Prove that if the sum of k imaginary pth roots of unity (p prime) 
equals a rational number, then k is divisible by p — 1. 

17. Let A(x) be a polynomial of degree n > 2 which is irreducible in a 
field R. Prove that if the reciprocal of one root of A(x) is a root of A(x) } 
then the reciprocal of every root of A(x) is also a root. [Consider the 
polynomial x n A (aT" 1 ) , and apply Theorem 2.] 

18. With the same assumptions concerning A(x), prove that if the nega- 
tive of one root of A(x) is a root of A(x), then the negative of every root of 
A (a;) is also a root. Show further that A(x) involves no odd powers of x. 

19. Prove that if the polynomial A(x) is irreducible in R, one root of 
A(x) cannot be twice another. Generalize. 

67. Canonical form of the elements of R(a). Primitive and 
imprimitive elements. 

Theorem 4. If oc is of degree n relative to R, every element of R{a) 
is expressible uniquely in the canonical form 

CoOt”" 1 + CiOt n ~ 2 + . . . + C n -2& + C n ~u 

the c’s being elements of R* 

Every element of R(a) is expressible in the form f(a) Jg(a) in at 
least one way, where f(x) and g(x) are polynomials in R and g(x) 
is not divisible by A (x), a polynomial in R or degree n having a as 


See § 8 for illustrations. 
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a root. Since A(x) and g(x) are relatively prime, there exist two 
polynomials U (x) and V (x) in R such that 

A(x)U(x) + g(x)V(x) ~ 1. 

Therefore * 

V(a) = 1 Met), 

and 

f(a)/g(a) = 

Let Q(x) be the quotient and 

C(x) = Cox”- 1 + c 1 x n ~~ 2 + * * * + c n - 2 x + C„_i 
the remainder of the division of f(x)V(x ) by A (a;). We have 
f(x)V(x) = Q(x)A(x) + C(x). 


Consequently 

• , f(a)lg(a) = f(a)V(a) = C(ot) 

Cod." + Cia n ~ 2 + • + Cn-ZOt + Cn_l, 

the last member being the canonical form. 

If an element of R(a) were expressible in the canonical form in 
two distinct ways, a would satisfy an equation in R of degree < n. 
Therefore the canonical form is unique. 

Theorem 5. If a is algebraic relative to R, so is f (a), f(x) being 
any polynomial in R. If ai r • * • , a n are the conjugates of a relar 
live to R, the conjugates of f(a) relative to R are those of the elements 
f(a i), * * • , f{otn) that are distinct 
The coefficients of the polynomial 

4/{x) = (x - f (al)) (x — f(af)) (ar— /(a„)) 


are symmetric functions, with coefficients in R } of a 1} a 2 , • • * , 
a n , and are therefore elements of R. Since /(a) is a root of the equa- 
tion j/(x) — 0 y f(a) is algebraic relative to R and its degree relative 
to R is ^ n. It follows from Theorem 4 that every element of R(a) 
is algebraic relative to R. 

Let F(x) — 0 be the primary irreducible equation in R of which 
f(a) is a root. Since F[f(a)] — 0, a is a root of the equation F{f(x)] 
— 0, whose coefficients are elements of R. By Theorem 3 every 
conjugate of a relative to R is also a root: 

= 0, n). ' 
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Consequently, f(a 2 ), , /(<*„) are roots of the equation 

F(x) — 0, and are therefore conjugates of /(a) relative to R. That 
f(a) has no other conjugates relative to R follows from Theorem 2 
according to which F(x) is a divisor of \p(x), so that every root of 
F(x) is a root of 4>{x). The only conjugates of f(a) relative to R 
are therefore /(au), /(a&), * * * , f(a n ). But these elements need 
not be distinct although cc h a 2 , • • * , a n are distinct. The conju- 
gates of /(<*) relative to R are therefore' those of the elements 
/(ai)?/(<* 2 ), * * ’ tf( a n) that are distinct. 

By a suitable choice of the notation we, may suppose that 
f{a i), /(o: 2 ), * * * , fM, (v < n) are the distinct conjugates of 
/(a). The equation 

F{x) = (x - f(a i))(x - f(a 2 )) — • (z - /(a„)) = 0 

which they satisfy is irreducible in R , and F(z) is a divisor of $(x). 
Let F(x) be a Mold factor of so that 

Hx) = lF(z)] fe G(z), 

where 6r(z) is a polynomial in E which is not divisible by F(x). If 
6r(aj) is not a constant it has a root. This root is also a root of \f/(x) 
and is therefore one of the conjugates of /(a). Since one of the 
conjugates of f(a) is a root of G(x), G(x) is divisible by F{x) 
(Theorem 2), contrary to assumption. It follows that G(x) is a 
constant. This constant must be 1 since \p(x) and F(x) are primary 
polynomials. Therefore 

% 

t(x) = [F(x )]* 3 

so that n = vk . Thus each of the distinct conjugates of f(a) occurs 
exactly k times in the set f(ai), /(a 2 ), * * * , /(««). 

Theorem 6. If a is of degree n relative to R, the degree , relative to 
R f of every element of R{oi) is a divisor of n. 

Those elements of R(a) whose degrees relative to R(a) have the 
maximum value n (the degree of a relative to R) are called primitive 
elements of R(a); all others are called imprimitive elements. A 
primitive element of a field generates the entire field, whereas an 
imprimitive element generates a subfield. For example, 1 — ^2 
and V2 4- ^2 are primitive elements of R(J 2). But 1 +■ V2 is an 
imprimitive element, generating a subfield of degree 2 relative to 
fi(l). Every rational number is also an imprimitive element of 
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22(42), generating the field #(1) which is of degree 1 relative to 

R( l). 

With the aid of the preceding results it is possible to identify 
the conjugates of certain algebraic elements without finding the 
irreducible equations they satisfy. 

Example 1, Find the conjugates of 8 — 542 + 74i relative 
to 22 (i). 

The conjugates of 4 2 are 42, <o4 2 and o; 2 4 2, where co and w 2 
are the imaginary cube roots of unity. The given number is an 
element of 22(42). Therefore, by Theorem 5, the required conju- 
gates are 

8 - 542 4- 743, 8 - 5a>42 + 7co 2 4i, 8 - 5co 2 4§ + 7w43, 

which are obviously distinct. 

Example 2. Find the conjugates of X = ^2 + 43 + a/ 2 — 43 
relative to 22(1), the real fifth root being taken in each case. 

Since ^2 + 43 • ^2 — 43 = 1, X is an element of 22(a), where 
a = il2 + 43. In fact, X = a + or 1 . The 10 conjugates of a 
relative to 22(1) are 

6^2 * VS, (fc = 0, 1, 2, 3, 4), 

where € is a primitive 5th root of unity. Denoting the conjugates 
of a by ctij * • • , aio, the conjugates of X are the distinct 
numbers of the set 

+ ar l 0 * = 1 , , 10 ). 

Only five of these numbers are distinct because X is unaltered 
when V 3 and — 43 are interchanged. The five distinct conjugates 
of X are 

eM/2 + V3 + e*<j2 - V3, (fc = 0, 1, 2, 3, 4). 
EXERCISES 

1. Write the following numbers in the canonical form, the indicated a 
being a primitive element of the field. 

t <y 1 4 2i 

^ (1 - 2i) 2 ’ a ~ l - 

(b) same number, a = 1 — 2i. 

1 — ^2 

(0) TTW “ = V2 - 
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(d) 7 - 4V3, a = 5 + 2-?3. 

(e) (3 + 2 -v'5)- 1 , a = ^5. 

2. Find the conjugates, relative to R{1), of 

(a) -3 + 5^3 - 2^9. 

(b) V3 + 2V2 + \3 — 2V2, the cube roots being real. 

(c) Vo + V— 2 + V5 — V— 2, the product of the two cube roots 
being real. 

(d) 4 - 7^-6 + 2V-6 + 9^— 216. 

3. Find the conjugates, relative to R(i), of 

(a) V3 + 4t. 

(b) V3 + 4 i — 7>/3 — 4i, where V3 + 4t V3 — 4z +5. 

(c) V -ll. 

(d) V3 + VlO + V3 -VlO, where V3 + VlO V3 - VlO = +i. 

(e) 6 + 3i + V5 — 9iV5. 

4. Find the conjugates, relative to 22(1), of each of the numbers of 
Ex. 3. 

5. Find the conjugates, relative to R ( V2), of 

(a) 13 - 8V3. 

(b) 1 - 3V2 - 4V3 + 7V6. 

(c) 6 - 5^2 - 7 V2 4 3^ 8. 

(d) \3 4 ^7 4 y3 — V7, the square roots being positive. 

6. Show that V2 is not an element of 22(^2). Generalize. [Apply 
Theorem 6.] 

7. Show that ^2 is not an element of R ("?3). [Assume that 

^2 = a 4 6^3 4 c^9, 

where a, 6, and c are rational numbers, and apply Theorem 5.] 

8. Let c be a primitive 7th root of unity. Find the conjugates, relative 
to 22(1), of 

(a) e 4 e 2 . Am. e 4* e 2 , e 2 4 € 4 , e 3 _4 e 6 , e 4 *4 €, e 5 4 e 3 , e 6 4* e 5 . 

(b) € 4- c 6 . Ans. e 4- £ 6 , e 2 -4 e 5 , e 3 4- e 4 . 

(c) e 4~ e 2 4 e 4 . Atis. e + € 2 4 t 4 , e 3 4 c 6 4 € 5 . 

(d) 2 - 3c. 

(e) c — c 2 4 € 4 . 

9. Show that if a is a root of the equation x z — 7x 4 7 — 0, the other 
two roots satisfy the equation x 2 4 ax 4 a 2 — 7 = 0. Verify that the 
other two roots are —3a 2 — 5a 4 14 and 3a 2 4 4a — 14. 

10. (a) Let a be a root of the equation x 3 — 7x 4 7 = 0. Express 
^ *2 

P '■ a _ j in the canonical form. Ans . j$ = 3a 2 4 3a — 14. 
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(b) Find the primary cubic equation in B(l) which (3 satisfies. 

Ans. x z — 2lx — 7=o. 

11 . Show that if a is a root of the equation 

x 4 + 2x z + 2x 2 + x + 1 = 0, 

cl + a? is of degree 2 relative to 12(1). [Write the equation in the form 
(a?* + x) 2 + x 2 + x + 1 = 0.] 

12. Let A(x) be irreducible in R, and ‘let B(x) be the polynomial whose 
roots are the mth powers of the roots of A ( x ). Show that B(x) is reducible 
in R if, and only if, the ratio of two distinct roots of A(x) is an mth root of 
unity. [Use Theorem 5.] 

68. Multiple algebraic extensions of a field. If a is algebraic 
relative to R, R(a) is a simple algebraic extension of R. If ft is 
algebraic relative to R(a), R(a , fi) is a simple algebraic extension 
of R(a), but is a multiple algebraic extension of R. Generalizing, 
R(a, p, • • • , X) is a multiple algebraic extension of R if each of 
the fields 

R,R(a),R(a,P) } • * • , R(a, ,\) 

(except the first) is a simple algebraic extension of the preceding 
field. 

A polynomial in the field R(a), where a is algebraic relative to 
R, may be written in the form 

(1) <po(pc)x* + ^i(a)^ 1 + + <p a -i(a)x + <p 9 (ot), 

where <pi(a) is an element of R(a). Supposing <pi(a) represented in 
the canonical form (Theorem 4), the function 

f(z, y) = po(y)s* + + • • * + <p s -i(y)x + <p s {y) 

is a polynomial in the independent variables x and y with coeffi- 
cients in R. The polynomial (1) may therefore be written /(x, a), 
which is a convenient notation for distinguishing polynomials in 
R(a) from polynomials in R. 

Theorem 7. If a is algebraic relative to R, and fi is algebraic relar 
five to R (a) y then (3 is algebraic relative to R. 

By assumption jd is a root of a polynomial B(x, a) 0 in R(ol), 
If a h a 2 , * * * , ocn are the conjugates of a relative to R, ft is also a 
root of the polynomial 

B(z, ai)B(x, a 2 ) B(x, a n ) s* 0, 
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whose coefficients, being symmetric functions of a, 

axe elements of R. Since (J is a root of a polynomial’in R different 

from the zero-polynomial, /} is algebraic relative to R. 

Theorem 8. If fix, a) is a primary irreducible polynomial in 
R{a), arid a h a 2 , ■ ■ ■ , a n are the conjugates of a relative to R, then 
( 2 ) f ( x > “1 )/(*> a 2 ) ■ ■ ■ f( x, a n ) = [j(x)}i, 

where f(x) is a primary irreducible polynomial in R, and l is a vosi- 

Urn irtip/iPT 


The left member of (2) is a symmetric function of a 2 a 2 * • 

* ^dttereforeequaL-a polynomial E{x) with coefficient in R 
As E{x) is divisible by f(x, a), we have 

f(z> oc)g(x, a) = E(x), 

where ? ( x,a)isa polynomial in R(a) since it is the quotient of the 
division of E{x) by f(x, a). Since fix, a) is irreducible in R( a ) 
f(x a) must be a divisor of some factor of E(x) which is a primary 
reducible polynomial ,n R. Denoting this polynomial by f(x), 

f(x, a)h(x, a) = f(x), 

where h(x, a) is ^polynomial in R(a). This equation (an identity 
m r) remains valid when a is replaced by any of its conjugates 
relative to R. We therefore have 

f{x, ai )k(x, a,) = f(x), (t = 1, . . . , n ). 

Multiplying these equations, we obtain 

E(x)Qtx) = [f{x)] n , 

where 

Q(x) = h(x, ai )h(x, of) • • • k(x, a„). 

Snce f(x) is lxreducible in R, the only primary polynomials in R 

R(x) is a primary polynomial in R, we conclude that 

E(x) = \f(x)Y, (1 < Z < n ). 

Theorem 9. (Abel.) If R(u, f} t . . . ,\) is a multiple algebraic 
extension ofR, there exist elements b, - • - , Z of R such that 

R(a, 0, . . . , X) = R( a + 6/8 + • • . + ZA), 
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The theorem asserts that the field R(a, /3, ■ : - , X) which b 
definition, is generated by several elements, may also be generated 
by a single element. The field therefore contains primitive ele- 
ments and is algebraic relative to R. As an illustration we shall 
prove that R(V 2, V 3 ) = R(V 2 + V 3 ). It is readily verified that 

V2 = M(V2 + V 3 ) 3 _- 9 (V 2 + VS)], 

V 3 = -M(V2 + V 3 ) s - 11 (V 2 + VS)]. 

Consequently R(V2 + V3) contains every element of .fi(V2, V§) 
Conversely, Rft/2, V3) contains V2 + V3 and therefore every 
element of R(V 2 + V 3 ). It follows that E(V2, V3) = R(V2 + V3) 
In proving the theorem it is sufficient to show that R(a, fi) 
— R(a + 6 / 3 ) ; for it then follows that R(a, ft 7) = R( a + bB -A 
= R(a + 6/3 -)- 07), etc. ’ 

Let ol\ = a, 012, • • , «n be the conjugates of a relative to 1? 

and fii = / 3 , ft, • • • ,ft the conjugates of /3 relative to R (Theorem 
7 ), satisfying the equations Aft) = 0 and B(x) = 0 respectively, 
each of which is irreducible in R. The equation 


a, -F 6ft = a p + 6ft, (i, y f* p, 5) * 


has at most one solution for 6.. Therefore only a finite number of 
elements of R exist which satisfy at least one of the equations 


ou + 6ft = a p + 6ft, 



• ’ m) ’ (*>7 ^ 


It is therefore possible to choose an element 6 of R which satisfies 
none of these equations. We proceed to prove that, for any such 
choice of 6, R(a, / 3 ) = R(a + 6 / 3 ). 

First projof: The nm distinct elements ct, + 6ft are the roots of 
the polynomial 


F(x) = (*-«!- 6ft) ft - cti - 6ft) ft - ai - 6ft) 

, X ft - a 2 - 6/30 ft -a*- 6ft) ft - a 2 - 6ft) 


X ft - <*» - 6/30 ft -On- 6ft) ft - - 6ft). 

By applying the fundamental theorem on symmetric functions 
twice we conclude that the coefficients of F(x) are elements of R. 

‘This statement means that the ordered pair of numbers i, j is not the. same 
as the ordered pair of numbers p, q. 
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For the coefficients of the polynomial 

G(x) = (x - lpi)(x - 6ft) •**(£- 6ft») 

are symmetric functions of Pi, ft, • • • , f3 m} and the coefficients of 

F(z ) = G(x — ai)G(a; — a 2 ) * • * (?(o: — «*) 

are symmetric functions of ai, a*>, * * * , a n . Now construct by 
Lagrange's interpolation-formula the unique polynomial H(x ) of 
degree ^ — 1 such that 

fl(«, +»,)-«„ 0:1; 

This polynomial is 

v _ ^ jXg) I 

S(l) ~ ai 2/(x - ai - 6ft)*" (<*i + 6ft) + 

, 'fi F&) 

an “i {x ~ a ' ~ W'(“» + aft)* 

By again applying the fundamental theorem on symmetric func- 
tions twice we conclude that the coefficients of H(x) are elements 
of R. We now have 

a * H(r), (t = a + 6/3 = a x + 6ft), 
so that a is an element of R(r). Since 

£ = 1^, (6 7* 0), 

j5 is also an element of R(r) . It follows that r is a primitive element 
of R{a, ft). 

Second proof; The equations 

A (r *— fee) = 0, £(z) = 0, (r = a + &£) 

have ft as a common root. But they cannot have another root in 
common; for if ft, ( j 1) is a second common root, a.i = r — 5/3/ 
for some i ^ n, andr = a + 6/3 = <x t - + 6ft , contrary to the choice 
of 6. The g.c.d. of A(r — 6a:) and B(a:) is therefore a polynomial 
of the first degree in x . This polynomial may be written in the 
form x — g(r), where g(r) is an element of R(r). Since a common 
root of two polynomials is a, root of their g.c.d., we have 
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P “ g(j), ol — t bg(r). 

We Conclude that r is a primitive element of R (a, ft. 

We investigate next the degree of R(a, ft relative to R, which is 
the degree of r relative to R. 

Let /3 be of degree fx relative to R(a), and let B(x, a) be the 
primary irreducible polynomial in R{a) which has p as a root. The 
degree of B(x } a) is ju. By Theorem 8 

(3) B(x, ai)B(x, a 2 ) * * * B(x , a n ) = [B(x)] 1 , 

where 

B(x) - (« - ft)(« - ft) • * * (x - p m ). 

The roots of the polynomial B(x, on) are therefore n elements of 
the set Pi, ft, • ♦ • , I 8 m . Since a) is irreducible in 
B(x, cti) is irreducible in R(cti) by Theorem 3. It follows that the 
polynomial 

P(*,ai ) 

is irreducible in R(on), and that its roots are or* + 6ft, where j 
assumes ju distinct values from among the integers* 1, * • ♦ , rn. 
Because of the conditions imposed upon 6 no two of the poly- 
nomials P(x, oil) ) P(x, a 2 ), • * • , P(x, a n ) have a root in common. 
If P(x) is the primary irreducible polynomial in 2£*-of which 
r = a + bp is a root, 

P(x, ai )P(x, a 2 ) • • • P(x, a n ) = [P(x)] 1 

by Theorem 8. Now the left member of this equation is a poly- 
nomial which has no multiple root; hence l = 1. The degree of 
P(x), which is also the degree of r relative to R] is therefore njx. 

Theorem 10. If a is of degree n relative to R, and P is of degree 
/x rdative to R(a), then R(a, ft) is of degree nji relative to R, 

EXERCISES 

1. Show that if d is the g.c.d. of m and n, the integer of Theorem 10 
is divisible by mfd, [Apply Theorem 6.] 

2. As in the text, let ft, ft, • • * , ftn be the conjugates of P relative to 
R- Show that if the only common elements of the fields R(a) and 
R(P 1 , * * * , Pm) are those of R , then fi = m. 
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3. Find the degree of 

(a) 22(V“ 7, m relative to 22( 1). [Apply Ex. 1.] 

(b) 22(VlO, v'lOO, ^1000) relative to 22(1). Am. 30; 

(c) 22(a, /3) relative to 22(1), where a and /3 satisfy the equations 
x* — 2x -{“2 — 0 and x 5 + 14a: — 7 /= 0 respectively. 

(d) 22(-?3, ^2) relative to 22(1). [Show that the equation x 3 — 2 = 0 
is irreducible in 22(^3). See Ex. 7, p. 127.] 

(e) 22(^3, *?2) relative to 22(^6). Am 3. 

(f) 22(-?5, -?25) relative to 22(1). 

(g) 22(-j2, ^5) relative to 22(1). [Apply Ex. 2.] 

4. Find the degree, relative to 22(1), of 

(a) -? 5 + -y/3. [Show that the given number is a primitive element of 

22 (-?5, *S)J 

(b) Vl — ^2.+ V2. A.n$. 4. 

(e) V5 - 2V3 + \'I0. Ans. 12. 

(d) -?2 + -?3. 

6. Prove that the degree, relative to 22, of the field generated by the 
roots of a cubic equation with coefficients in 22, is 1, 2, 3, or 6. Find the 
actual degree in each of the following cases, where 22 — 22(1). 

(a) x z —"a; = 0. (b) x z -f x = 0. (c) x z = 7. 

(d) x 3 - 7x + 7 = 0. [See Ex. 9, p. 127.] 

6. Find the degree of the field generated by the roots of the equation 
v a) x 4 = 3 relative to 22(1) ; relative to 22(f) ; relative to 22 (V3)'. 

Ans. 8; 4; 4. 

(b) x* — 4 relative to 22(1); relative to 22(e), where e is a primitive 

5th root of unity. Ans . 20; 5. 

7. Find a polynomial with rational coefficients which is divisible by 
the polynomial 

(a) x 2 — y/2x + 1 + *?4. Ans. x 6 + 3x 4 + 4x 3 + 3x 2 + 6x + 5. 
[Apply the method of the proof of Theorem 7,] 

(b) x 2 + ex + where e is a primitive 5th root of unity. 

Ans. x* — x 7 — 4x 5 + 4x 4 — x 3 — x -f 1. 

(c) x 4 — x 3 + (1 + t)z 2 — (2 + 3i)x — 3 + i . 

8* Let /(x, a) be a polynomial in 22(a) and let a 2 , * • • , Cin be the 
conjugates of a relative to 22. Show that if 

/(x, ai) = /(x, a 2 ) - f(x, «n), 

then/(x, a) is a polynomial in 22. 

9. (a) In connection with (3), show that Im = nfi. 

(b) Solve Exercise 1 with the aid of this result. 

(c) Show that jS is a primitive element of 22 (a, /3) if, and only if, no 
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two of the polynomials B(x } ai), B(x, a 2 ), ■ * •* , B(x, a») have a root in 
common- As an illustration, take a = V 2, /3 = ^2, B(x } a) ~ x 2 — a. 

10. Show that the integer l of Theorem 8 may have the value 2. [Take 

a = ^2, f(x, ol) = x 2 + + a 2 .] 

11. Let a be a root of the polynomial A(x) irreducible in 22. Show that 
if x" 1 — ol is irreducible in 22(a), then A(x m ) is irreducible in 22. [Use 
Theorem 8.] 

59. Radicals relative to a field. The equation x n = a is called 
a binomial equation. Its roots are the nth roots of a, any one of 
which is denoted by yla, which is called a radical of index n relative 
to a field that contains a . 

A field 22i may be extended by successive adjunctions of a root 
of each of a set of binomial equations 

x ni = ai, x n * = a 2 , * * * , x n * = a*, 

ai being an element of 22i, a 2 of 22 2 = i2i(*v©, a 3 of 22 3 R 2 C^a^) 

= n ^faf ) ; etc. The last of these fields is 

,t»l — — nit — . 

Rk = 22i( Vai, va2, * • * , Va*). 

v 

The elements of R k are said to be expressible in terms of radicals 
relative to 22i, being equal to rational functions, with coefficients 
in 22 1 , of ijal, * * * , Each of these radicals is called 
a radical relative to 22 1 . 

One of the central problems of the Theory of Equations is that 
of solving an equation in a field by radicals relative to that field; 
that is, of expressing the roots of the equation in terms of radicals 
relative to the field- The reader knows how to solve this problem 
for quadratic equations and he will presently learn how to do so 
for cubic and quartic equations. 

60. Solution of the general cubic equation by radicals. It is 

convenient to write the general cubic equation in the form 

(1) Oo* 3 + 3ai* 2 + 3a2X + a 3 = 0, 

the a 1 s being independent variables. This equation is transformed 
by the substitution 


( 2 ) 

into the equation 


x 


y — ai 

Oq 
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(3) V z + 3 Hy + G = 0, 
the sum of whose roots is 0, where 

(4) * G = flo 2 fl3 ~ 3ao^ifl2 + 2ai 3 , H = 00*22 ~ Ox 2 . 

It is obvious that if (3) can be solved by radicals, so can (1). 

As a result of the experience acquired in determining the degrees 
of various algebraic elements the reader should have no difficulty 
in verifying that 

(5) 

where q and r are independent variables, is of degree 3 relative to 
the field R(q, r) if 

(6) p = V# -f- VrVg — Vr 

is an element of R (q, r). This fact is at the basis of our solution of 
the general cubic equation. 

We now endeavor to express q and r in terms of G and H so that 
(5) is a root of (3). Denoting (5) by y, We have 

y* — Q. ~f“ Vr “t" 3V<? + Vr Vff — Vr (V# + Vr + — Vr) 

+ q — Vr,. 

which reduces to 

(7) y z - 3^2/ ~ 2g = 0. 

In order that (3) and (7) have the same roots it is necessary and 
sufficient that 

p = —IT, q = -<?/ 2. 

By (6), — # 3 — q 2 — r. We now have 

2 = -G/2, r = i(G 2 + 4F 3 ). 

Therefore, by (6), 

(8) y = - + *V(? 2 + 4i/ 3 - -yj§ - JVG* + 4H* 

is a root of (3), provided that 

(») yj§ + ivenpW X-J§~ + iff 3 = -£T. ' 
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There are three cube roots of iG + iVG 2 -f- 4 E z and three 
cube roots of iG - iVG 2 + 4# 3 . Having chosen these cube 
roots in one way so as to satisfy (9), two other choices, indicated 
by the following equations, may be made: 

+ jjvSriff* x o> 2 - |Vg 2 + 4 m = -h, 

co 2 x « vf ~ 

where w and u 2 denote the imaginary cube roots of unity. The 
conjugates of the right member of (8) are thus determined. It 
follows from (2) that the roots of (1) are 



__ 01 

Oo 

1 l 

1 3 

IG 1 , 

Xi 

-r.Vf + 2' ,c ’ + 4fl ' 

“ o 0 \ 

If - 2 V G 2 + 4ff, 


_ Oi 

Oo 

3 If* 1 
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<3 1 ... 

X 2 = 

-7N2 £ + 2 VG2 + 4 * 3 

“ oj \ 

2 “ 2 V(?2 + 4H*. 


__ Ui 
Oo 

m 2 3 1(1 1 

<0 3 

IG 1 , 

X 3 = 

-SVf + 5' ,c * + 4fl ' 

~a 0 M 

2 - 2 VG2 + 


These expressions for the roots of a cubic equation are known as 
the Cardan formulas. 

To solve a given cubic equation by radicals, first calculate G 
and H by ( 4 ), then calculate G 2 + 4H 3 , and apply the Cardan 
formulas. 

EXERCISES 

1. Solve the following cubic equations by means of the Cardan formulas. 

(a) x 3 — 24x — 48 = 0. Ans. Xi = 2^2 4- 2^4. 

(b) z 3 + Sx - 2 = 0. 

(c) x 3 — 3ix + 1 — i — 0. 

(d) 2x 3 + 3s 2 + 6x - 12 = 0. 

4ns. xi = -i - 4^-29 + 2^217 - 4^-29 - 2V217. 

(e) x> - 3x 2 + 3(1 + H2)x + 1 - 3-?2 = 0. 

Ans. xi. = 1 - 'V'l + V§ - -\fl - VS. 

2. Express the real root of Exercise 1(d) approximately as a decimal. 
[Ex. 1(a), p. 93.] 

3. Same for Exercise 1(e). Ans. .5032. 

4 . Show that 

— 27(G 2 + 4tH 3 ) = flo 6 (xi - x»y(x 2 - x s ) 2 (x 3 - x,)* 
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Use the result of Example- 1, p. 110, observing that <r, = -3 o,/ao, 
<r 2 = 302 /flo, 03 = —Oa/ao. 

6 . Construct a cubic equation with rational coefficients having the 
indicated number as one root and find the other roots by the method of 
§57. 

(a) v'3-jf9. 

(b) Mi +•' V.3 + Mi — V3. , 

(c) -1 + 2-J2 - 3-J4. 

6. Find the real points of intersection of the curves 

x 3 4 - y 3 = 9, x 2 — y 2 = 3. 

Arcs. (2, 1), (c, i(c 2 — c)), where c = V-3 + 2V2 + V-3 — 2V2. 

7 . Solve the equation 

^FTl + = ^^2. 

Ans. t - =fc — 15. 

8. Find expressions for the dimensions of a rectangular box with a square 
base in terms of its volume and total area. 

9. Let AB be a diameter of a circle, C a point on the tangent line through 
B, D the point in which the other tangent line through C meets AB 
produced. Find the radius of the circle, given AD ~ $a,BC = 26. 

6 L Trigonometric solution of the irreducible case. The roots 
of the equation x z — 7x + 7 = 0 are all real; yet,, when they are 
expressed in terms of radicals by the Cardan formulas they assume 
the form 

x i = — Vi + rs - ^ - 3 — Vi “ 

% = -uM i + gg - trt li - 

*3 = “h 3 3, 

in which they appear to be imaginary. The explanation of this 
apparent paradox is quite simple : the two terms of x h for example, 
are conjugate imaginaries, so that their sum is a real number. 

The cube roots which occur in the Cardan formulas are neces- 
sarily imaginary if G and H are real and G 2 + 4 H z is a negative 
real number. Now a cubic equation with real coefficients for which 
CP + 4 H z < 0 has three distinct, real roots. This statement and 
its converse follow from the result of Exercise 4, p. 136. Hence, 
when a cubic which has three distinct real roots is solved by the 
Cardan formulas, imaginary radicals will necessarily occur. This 
is known as the irreducible case. The problem presented by the 
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irreducible case is that of obtaining alternative forms of the Cardan 
formulas which exhibit the roots of a cubic equation in terms of 
real radicals whenever the roots are real. All attempts at solving 
this problem have proved fruitless; and it is now known that no 
alternative forms of the Cardan formulas exist. 

If the roots of a cubic equation are real and distinct, they can 
be calculated simultaneously with the aid of a table of cosines. 
This trigonometric solution of the irreducible case is based on the 
trigonometric identities 

cos 30 = 4 cos 3 0 — 3 cos 0 

(1) = 4 cos 3 (0 + 120°) - 3 cos(0 + 120°) 

= 4 cos 3 (0 + 240°) - 3 cos(0 + 240°). 

The first of these is a standard formula; the others are obtained 
from it by replacing 0 by 0 + 120° and by 0 + 240° respectively. 
It follows that the roots of the equation 

(2) 4z 3 — 3z — cos 30 = 0 

are cos 0, cos(0 + 120°) and cos(0 + 240°). 

N'ow let 


(3) aox 3 + 3ai£ 2 + 3a 2 z + a 3 = 0 

be a cubic equation which has three real and distinct roots. As in 
§ 60, this equation is transformed by the substitution 


W 


x = 


y - (h 

CLo 


into the equation 

(6) y* + 3Hy + G ** 0, (G- + 4ff 3 < 0). 

This equation is transformed by the substitution - 
(6) y = kz 

into 


(7) kh* + 3 Hkz + G = 0. 

We now endeavor to choose k so that (2) and (7) will have the same 
roots. This will be the case if, and only if, their coefficients are 
proportional: 

m 3 O 1 
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which imply and are implied by 

(9) & = 2V— cos 3 0 = 

Since G 2 + 4H 3 < 0, G/(2H^—H) is numerically less than 1. It is 
therefore possible to fi nd an angle 30 which satisfies (9). 

Either sign of V— H may be chosen. It will be found convenient 
in practice to choose the sign so that cos 30 is positive. Having 
found 36 from a table of cosines, 0, 0 + 120°, 6 + 240°, and their 
cosines are readily calculated. We have seen that the roots of (2), 
which are now also the roots of (7), are cos0, cos(0 -f 120°), and 
cos (0 + 240°). The roots of (5), which are k = 2V—F times the 
roots of (7), are therefore 

(10) yi = 2 cos 0 , y 2 = 2 cos(0 + 120°), 

yz = 2V-Hcos(0 4-24O°). 

Finally, the roots of (3) are, by (4), 

^ r yi - r y 2 - 

(11) Xx - , % - — 5— » 

As a check, the product of the roots should be calculated by 
logarithms. 

Example. Solve the equation x z + 6z 2 + 6z — 2 = 0 by the 
trigonometric method. 

Here a 0 = 1, a% — 2, a* — 2, a 3 = —2; G = 2, H = “-2. Since 
(r 2 + 4H 3 is negative, the trigonometric method is applicable. 
Choosing the negative sign of V — H, 

o Jo 

, cos 30 = - 4 = = = .35355. 

4V2 4 

We find from a table of cosines that 36 = 69° 17. 7'; hence 
6 = 23°5.9'. By (10) 

2 /! = -2V2 cos 23°5.9' = -2.6017, 

2/2 = -2V2 cos 143°5.9' = 2.2618, 
yz - -2V2 cos 263°5.9' = .3399. 

The required roots are, by (11), 

Zi = 2 /i — 2 = —4.6017, xt = y 2 — 2 = .2618, 

Xz = yz — 2 — 1.6601. 
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log4.6017X -66292 

Check: log .2618 = 9.41797.— 10 

log 1.6601 = ' .22014 
' log 2 = .80103. 


x EXERCISES 

1. Solve the following equations by the trigonometric method. 

(a) x 3 + 6x 2 + 9x ■+■ 1 = 0. Ans . -.1206, -3.5321, -2.3473. 

(b) a: 3 - 9a; 2 + 21x - 5 = 0. Ans. .2680, 5, 3.7320. 

(c) x 3 + 3x 2 - 6x - 17 = 0. * Ans . 2.4114, -3.2266, -2.1848. 

(d) x 3 - 4x 2 + 1 = 0. Ans. 3.9354, -.4728, .5374. 

(e) x 3 - 30x - 20_== 0. Ans . 5.7841, -5.1072, -.6770. 

(f) x 3 - 12x + VlO = 0. Ans . -3.5891, 3.3239, .2651- 

2. Find the length of the base of an isosceles triangle whose perimeter is 

12 and whose area is 3. Ans. 5.823, 1.107, 

3. Find the dimensions of a cylinder inscribed in a sphere of radius 1 
if the volume of the cylinder is half that of the sphere. 

Ans. radius — .67015, altitude = 1.4845; radius = .91872, 

altitude = .78986. 

4 . A rectangular box with a square base has a volume of 30 cu. in., and 
its altitude exceeds the length of the edge of the base by 6 in. Find the 
length of the edge of the base. Ans. 1.9434. 

62. Solution of the general quartic equation by radicals. The 

general quartic equation 

(1) do* 4 + + 6a 2 * 2 + 4a 3 * + = 0, 

whose coefficients are independent variables, is transformed by 
the substitution 


into the equation 


2/ 4 + 6 py 2 + 4 qy + r = 0, 


P = 0,00,2 ~ di, . 

(4) # = Oo 2 a3 — SaodiCk + 2<2i a , 

r = a 0 z <i 4 — 4a 0 2 aia 3 + 6aoai 2 a 2 — 3ai 4 . 

The following considerations lead to a solution of (3). It will be 
observed that the coefficients of (3) involve three independent 
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variables. To solve this equation we introduce three new variables 
z t , and z 3} in terms of which p f q, and r are to be subsequently 
expressed, and consider the form of an element which is of degree 4 
and is expressed in terms of radicals relative to R(z h z^, %). It is 
evident that Vz^ + is such an element; but, since it involves 
only two variables, we cannot expect the roots of (3) to be expres- 
sible in this form. On the other hand, 4 involves 

the necessary number of variables but is of degree 8 relative to 
R(z h Z2, Zs. ). Some restriction on the radicals Vi7, VS*, and 
must be introduced in order to insure that their sum will be of 
degree 4. The most obvious restriction is that their product be an 
element of R(zi, z 2 , z 3 ). We now proceed to the solution of (3). Let 


(6) 

and let 

y = Vzi 4- Vz 2 4- Vz 3 , 

(6) 

& = VziVz 2 Vz 3 


be an element of R(zi, z 2j z 3 ). We first set up the quartic equation 
of which y is a root. Squaring 

y Vzi ~ Vz 2 + Vz 3 , 

we obtain 

y 2 — 2 yVzi + 2 i = 2 2 + 2 4 z 3 . 

Transposing, and squaring 

y 2 + 21 — 22 - 23 = 2 y + 2 Vz 2 

we obtain 

y 4 4 2(zi — z 2 — z 3 )y 2 + sq 2 4 z 2 2 + 2 3 2 — 2ziz 2 — 2z x z z + 2z& z 

= 4ziy 2 4 8% + 4 z22 3 , 

where k is given by (6). Hence 

y 4 - 2(zi + z 2 + 2 3 )y 2 - Sky + «i 2 + 2 2 2 + 2 3 2 — 2ziz 2 - 2z x z z 

~ 2z& % = 0. 

This equation reduces to 

(7) y 4 - 2<ri y 2 - 8% 4* — 4<r 2 = 0, 

where „ 

^1 = 2i + Zj* 4" 23, 02 = 2 iZ 2 + Z2Z3 4 2a2l. 
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The same quartic equation (7) is obtained from (6) no matter which 
signs of ^z[, Vz 2 , and Vz 3 are chosen, provided that (6) is verified* 
As there are four choices of the signs which verify (6), all four roots 
of (7) are known. 

We now endeavor to choose k , a h and a 2 so that (7) and (3) are 
identical. Necessary and sufficient conditions are 

(8) <ri = —3 p, Jc = — iq, oi 2 — 4 <r 2 = r. 

From these equations and (6) we readily deduce that 

(9) <ti = -3p, <r 2 = i(9p2 __ r ) } az = = lg2. 

Therefore z h z 2 , and z z are the roots of the resolvent cubic equation 

(10) z z + 3 pz 2 + i(9 p 2 — r)z ~ \q 2 = 0. 

It is found convenient to transform this equation by the substitu- 
tion 

(11) z = ia Q u — p 
into Euler 1 s resolvent cubic 


( 12 ) 

where 

( 13 ) 


u z - g 2 u + 2g z = 0, 


g* 


3 p 2 + r 
a 0 2 1 


~P 3 + pr — q 2 

g z - — 


By means of (4), g% and g z may be expressed directly in terms of the 
a 1 s. We find that 


(14) g 2 ~ Qodi — 4aitt3 + 3a2 2 , 

(15) g% = aoa 2 <h — a 0 a z 2 + 20x0^3 — ai 2 a 4 — a 2 3 . 

The roots of (12) may be expressed in terms of radicals by means 
of the Cardan formulas. Denoting these roots by u h it*, and u z , the 
roots of (10) are, by (11), 

Zi = ia Q Ui r~ p — %a 0 Ui — a o«2 + Oi 2 , (i = 1, 2, 3). 

It follows from (5) and (2) that the roots of (1) are 


(16) - ^ + iVl a oUi - a 0 a 2 + a, 2 + ^\a 0 u 2 — a„a 2 + a 7 1 

CLq €Lq Qq 

+ — «0fl2 + Oi 2 , 

do 
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the four possible combinations of signs of the square roots being 
chosen so that their product equals * 

(17) — •i(tfQ 2 ff3 — + 2a! 3 ) , 

which is the value of h by (8) and (4). 

Example . Solve the equation x 4 + 4x 3 — 24x — 24 = 0. 

Here a 0 = 1, a x = 1, a* = 0, a 3 = -6, a 4 = -24. We find that 
gi= 0, ffs — — 12, k — 2, ffli 2 — aoas = 1. The resolvent cubic is 
u 3 — 24 — 0, whose roots are 

Ml = 2-?3, Ms = 2w?3 ) Ms = 2w 2 -?3, 

where o> and co 2 are the imaginary cube roots of unity. Suitable 
signs must now be assigned to 

Vi + is, Vi+co’fi, vr+^3, 

so that their product equals k - +2. Let us agre e that -?3 repre- 
sents the real cube root of 3 and that Vl + v'3 is the positive 
square root of 1 + ~?3. Let the signs of the other two square roots 
b e chosen so th at their product, which equals the real number 

Vl - -v'3 + -?9, is positive. Since the product of the three square 
roots is positive, as required, the four roots are 

x i = — 1 + Vl + ^3 + Vl + + Vl + co 2 -?]}, 

X2= -1 + V l + ^3 - Vl + co-?3 - VTTw^f, 

*3 = — 1 — Vl + ~?3 -I- VT+ n)v'3 - Vl + co 2 -?3, 

Xi= - 1 - Vl + -}3 - Vl + oj\' 3 + Vl + co 2 v'3. 


EXERCISES 

1* Solve the following equations by radicals. If the resolvent cubic has 
rational coefficients, examine it for rational roots before apply in g the 
Cardan formulas. 

(a) x 4 -f 4x 3 + 8a: + 8 = 0. 

Ans. xi = -1 

(Compare with the illustrative example.) 

(b) x 4 + 8x 3 + 42a: 2 - 8x + 281 =0. 

Am. xi = — 2 + V7 + iV§ — iVl4. 
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(c) x 4 + 6a: 2 - 4x + 2 = 0. 

Am. Xi = -i + ViV5 - 1 + t\^v’5 + 1, 

(d) 4x 4 - 12x 2 + 12x - 5 = 0. ins. |(1 ± i), \{~\ * Vil). 
[Observe that 10 ± 2iVll = (j ± Vll) 2 .] 

(e) x 4 -8Vfe + 24 = 0. _ 

Ans. xi = $2 + V4 + V»*2 + + )C¥+wl. 

(f) x 4 + 4ix* - 1 = 0. 


2. Verify that gs 


0q. fli 02 

01 02 03 

d% 03 04 


3. Find the roots of the equation x 4 - 8x + 12 = 0 by solving the 
resolvent cubic by the trigonometric method. 

Am. 1.3709 * .6484i, -1.3709 ± 1.82701 

4. Construct a quartic equation with rational coefficients having one 
root equal to V2 + V3 -f V6. What are the other roots? 


root equal to 

the signs of the square roots being chosen so that their product is positive. 

Ana. y 4 - 24 y- 216 = 0. 

1 6. Construct a quartic equation in the field jK(vcos 30) having one root 
equal to 


Vcos 0 + Vcos (0 + 120°) + Vcos (0 + 240°). 



CHAPTER VIII 

ALGEBRAICALLY CLOSED FIELDS 

63. Introduction. A field is said to be algebraically closed if 
every non-constant polynomial in the field has a root in the field. 
It is easy to prove that the. defining property of an algebraically 
closed field implies and is implied by each of the following prop- 
erties: (a) Every polynomial in the field of degree > 2is reducible 
in the field, (b) Every non-constant polynomial in the field eq uals 
the product of linear polynomials in the field. Any one of these 
three properties may therefore be chosen as the defining property 
of an algebraically closed field. 

This chapter is devoted to algebraically closed fields. We shall 
prove in the next section that the field of complex numbers is 
algebraically closed, a theorem which is known as the Funda- 
mental Theorem of Algebra. But the field of complex numbers is 
not the only algebraically closed field, and we shall call attention 
to other such fields. 

64. Proof of the Fundamental Theorem of Algebra. The proof 
which follows is a modification of Gordan’s proof, by mathematical 
induction, of the Fundamental Theorem of Algebra.* The basic 
idea of the proof consists in showing that if, for a fixed k, every 
polynomial whose degree is not divisible by 2 k has a root,>4hen 
every polynomial whose degree has the form 2hn (m odd) has a 
root. The proof is almost entirely algebraic. The only non- 
algebraic part of the proof is that in which use is made of the 
theorem that every polynomial of odd degree with real coefficients 
has at least one real root, whose proof (§ 32) involves the non- 
aigebraic concept of continuity. For convenience the proof is 
divided into several parts. 

Theorem 1. If A ( x ) is a 'polynomial of degree s S 2 in afield R, 
there exist polynomials U (x„y), V(x,y) and F(y) in R such that 

(1) A(x + y/2)U(x, y) + A(-x + y/2)V(x, y) = A(y/ 2) [F(y)}\ 
the degree of F(y) being %n(n — 1). 

* For Gordan’s proof see H. Weber, Kleines Lehrbuch der Algebra (1912), 
p. 109. 
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Let xi, ■ ■ • , x n be n independent variables and o-j , • ■ • , <r n 
their elementary symmetric functions, so that 

/(x) = (X — Xi) • • • (X — X n ) — X n — <TiX n_1 + • ■ • + (— l)v„. 

The roots of the equation /(—x + yj 2) = 0, regarded as an equa- 
tion in x, are y/2 — xj, • • • , y/2 — x„; and the roots of the equa- 
tion fix + y/2) = 0 are xi — y/2, •••,*» — y/2. The resultant 
of f(—x + y/2) and fix + y/2) is therefore (§ 45) 

(2) p[f(~ x + y/2), j{x + y/2)] =U (y - Xi- x,). 

The right member equals a polynomial in y whose coefficients are 
symmetric functions of aq, * * * , x n - Hence 

(3) p[f(~ x + y/2), fix + y/2)] = P(y, <r h •- ■ • , <r„), 

where P is a polynomial in its arguments, with integral coefficients. 
This polynomial can be factored. For if, in the right member of 
(2), we collect those factors in which i = j, we have 

(4) n (y - 2x,) = 2-ri (y/2 - *) - 2). 

t=l i=l 

Since i and j range independently over all integers from 1 to n 
inclusive in (2), each of the remaining factors of (2) occurs twice. 
Hence 

(5) P/y, <x u • • • ,<r n ) = 2 n fiy/2)[Fiy,ff 1 , • • • , OP, 
where 

(6) Fiy, a h ■ • ■ ,<r„) = II (y - x,- - x,). 

1 ) 

As indicated by the notation, F is a polynomial in y whose coeffi- 
cients are symmetric functions of * lf * • * , x n . The degree of F 
my is clearly in(n — 1). 

By §43 polynomials U = U(x, y, c%, • * • , <r n ) and F 
= F(x, y, <Ti, • * * , a n ) exist such that 

(7) /(* + y!2)U + /(-* + y! 2)7 = 2«/(y/2)[F(y, <r 1? * • *,<r n )] 2 . 

This is an identity in s, y, Xi, * • • , z n if <r x , * • • , <r n are thought 
of as functions of x h • • * , x n - Now wherever x h • * • , x n occur 
in (7) they occur as combinations of symmetric functions of these 
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variables. When these symmetric functions are expressed in terms 
of the elementary symmetric functions (7) becomes an identity in 
x, y, <Tij * • • , <r n , since the cr’s are functionally independent (§ 48). 
Therefore (7) becomes an identity in x and y when particular 
values (elements of a field) are assigned to the (Ps without cog- 
nizance being taken of xi, • • • , x n > 

Now let 

A(x) — <m n + dix*- 1 + * * • + a n -ix + a ni (a 0 0) 

be a polynomial in a field R. In (7) substitute 

cti == —a,i/a 0) 02 = az/ao, • • * , cr n = (— l) n On!ao. 

Then f(x) = A (x) fa Q . After dividing by a constant, which may be 
absorbed in the U and the V, (7) yields (1). It must be empha- 
sized that in thus establishing (1) we have not assumed the exist- 
ence of a root of the polynomial A(x). 

The conjugate imaginary of a complex number c will be denoted 
by c. If 

C(X) = CoZ m + + • * * + Cm-iX + Cm, 

is a polynomial in the field of complex numbers, C{x) is defined by 
C(x) = CQX m + ClX* 1 - 1 + * • • + Cm-lX + Cm. 

Lemma 1. Every polynomial of odd degree > 1 in the field of 
complex numbers. is reducible in that field . 

Let B(x) be a primary polynomial of odd degree m > 1 in the 
field of complex numbers, and suppose that B(x) is irreducible in 
that field. B(x) ^ B(x); in the contrary case the coefficients of 
B(x) would be real and J3(:r)_would have a real root. Construct 
the polynomial A(x) = B(x)B{x) of degree n — 2m with real 
coefficients. By Theorem 8, p. 129, A(x) = [P(x)]\ where P(x) 
is a polynomial which is irreducible in the field of real numbers. If 
l were ^ 2, A ( x ) would have a repeated factor which is clearly not 
the case. Therefore A{x) is irreducible in the field of real numbers. 

To this polynomial A(x) we now apply Theorem 1. The corre- 
sponding polynomial F(y) is of degree in(n — 1) = m(2m — 1), 
an odd number. Since the coefficients of F(y) are real, this poly- 
nomial has a real root y$. It follows from (1) that the polynomials 
A(x + yo/2) and A(—x + y 0 [2) are not relatively prime. Since 
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these polynomials have the same leading coefficient, and since 
A(x) is irreducible in the field of real numbers, 

A(x + W2) = M-x + W 2); 

from which we infer that when A (x + yo/2) is expressed in powers 
of x, no odd powers occur. Hence 

A\x + 2/0/2) = g(x 2 ), 

where £(#) is a polynomial with real coefficients. The polynomial 
g(x), being of odd degree m, has a real root 7. It follows that 

a = V7 + 2/o/2 

(a real or an imaginary number according as y > 0 or 7 < 0) is a 
root of A(x); for 

A (a) = 'A(V 7 + 2/0/2) = 0(7) = 0. 

Since £(a)£(o:) = 0, either B(a) == 0 or Bipi) = 0. If £(<2) = 0, 
£($) is divisible by a; ~ a. If £(a) = 0, then B(a) — 0, and 
£(2) is divisible by x — a. 

Lemma 2. Et/en/ polynomial of odd degree in the field of complex 
numbers has a root in that field . 

If B(x) is a polynomial of odd degree > 1 in the field of complex 
numbers, B(x ) is reducible by Lemma 1: £(3) = Bi(x)B 2 (x). One 
of the polynomials B x (x) and B 2 (x) must be of odd degree and the 
other of even degree. If Bfx) is of odd degree > 1, Bfx) is re- 
ducible. By repeating this argument we conclude that B(x) has a 
linear factor, and hence a root, in the field of complex numbers. 

Lemma 3. If, for a certain h > 1, every polynomial in the field of 
complex numbers whose degree is not divisible by 2 k has a root, then 
every polynomial in the field of complex numbers whose degree is 
divisible by 2 k but not by 2 k+1 has a root. 

Let A{x) be a polynomial of degree n = 2 k m, where m is an odd 
number. The degree of the corresponding polynomial F{y) of 
Theorem 1 is 2 k ~ 1 m(2 k m — 1), which is divisible by 2 fc ~ 1 but not 
by 2*. It follows from our hypothesis that F(y) has a root 2/0 (a 
complex number). Hence A{x 4- 2/ 0 /2) and A(~x + y Q /2) have a 
non-constant common factor. 

Suppose first that these two polynomials are equal. As in the 
proof of Lemma 1, 


A(x + 2/o/2) = g(x 2 ), 



64] 


EXERCISES 


149 


where g(x) is a polynomial of degree n/2 = 2*~ i m and therefore 
has a root 7 (which need not be a real number as in the proof of 
Lemma 1 ). It follows that A (x) has the root V7 + y Q / 2. 

If A (x + 2/0/2) 7* A{— x + 2/0/2) , A(:c) is reducible in the field of 
complex numbers: A(x) = A^P^x). Let n x > 1 and p x > 1 be 
the degrees of A x {x) and P x (x) respectively. Since 2 k m = n 1 + 
at least one of the integers n x and p x is not divisible by 2 k+1 ; let n t 
be not divisible by 2 k+1 . If n x is not divisible by 2 *, A x (x) has a root 
by hypothesis. If n x is divisible by 2 k , the preceding argument is 
applied to A x {x)! Then, either Ai(x) has a root, or else a divisor 
whose degree n2 < n x is divisible by 2 k but not by 2 ** 1 . Continuing 
thus we obtain a sequence of decreasing positive integers n, n x , 
rhj * * * , all divisible by 2 k but not by 2 k+ K As this sequence 
cannot consist of an infinite number of numbers, we must finally 
arrive at a divisor of A (x) which has a root. This root is also a root 
of A(x). 

Theorem 2. The field of complex numbers is algebraically closed. 

Since every polynomial of odd degree has a root by Lemma 2, 
every polynomial whose degree is twice an odd number has a root 
by Lemma 3 . Applying Lemma 3 again we infer that every poly- 
nomial whose degree is four times an odd number has a root. Con- 
tinuing thus we conclude that every polynomial in the field of 
complex numbers has a root in that field. 


EXERCISES 

1 . Show that each of the three properties of an algebraically closed field 
implies the other two. 

2. Show that a polynomial of degree n in an algebraically closed field 
has exactly n roots in the field, each root being counted to its degree of 
multiplicity. 

3. Calculate the F(y) of Theorem I corresponding to 

A(x) = x 3 4- aa 2 + ckz + a*. 

Ans. F{y ) = t / 3 + 2a x y 2 + (ai 4 + (h)y + cna* — as. 

4 . Show that if a root of the equation 

a&A -h aix*- 1 -f * • * 4 * On-ix 4- = 0 

in the field of complex numbers is ^ P in absolute value (P > 0 ), then 

| ^ | <: [ Go | P n + | | P*-' + * ' * + I <**-1 IE. 
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5. Show that if a root of the equation of Ex. 4 is ^ Q > 0 in absolute 
value, then 

\oo\Q n ^\a 1 \Q n ’ 1 + \ck \ + * • • + I «n-l | Q + \an I- 

Hence if M > 0 satisfies the inequality 

KIM” 2: |a 1 |JlT' 1 + |o s |M n " s + • • • + K_i|M+K|, 
the absolute value of every root of the equation is ^ M. 

6. Use the preceding result to find a positive integer which exceeds the 
absolute value of every root of the equation 

(a) x 4 + 20x 3 - 9x 2 + x + 13 = 0. 

(b) 8x s + 7x 4 - 10a; 3 + 6a; 2 - 7a; - 11 - 0. 

(c) a; 3 + (VS + Si)x 2 + (-3 - i)x ~ 4 + tV 2 = 0. 

(d) a; 4 + (6 - 2V5)z 2 + (-2 + 5V5)z + 9 - VS - 0. 

(e) x n — x 4- 1 — 0. 

(f) x n — x 71 ” 1 — x n ~ 2 — • • * — x — 1 = 0. 

7. Find the real roots (if any) of the polynomial 

A(x) ~ x 5 -f 2a; 4 + ix z -f 2a; 2 + ( — 1 — 5i)x + 2i. 

[Find the g.c.d. of A(x) and A (a;).] 

8. The equation a; 4 4- (1 — i)x z + 3 ix 2 -f (1 — 3i)x + 1 + 2i - 0 has 
a pair of conjugate imaginary roots. Find them. 

65. Other algebraically closed fields. The following theorem 
points to the existence of algebraically closed number-fields dif- 
ferent from the field of complex numbers. 

Theorem 3. The complex numbers which are algebraic relative to 
a given number-field form an algebraically closed field. 

Let a and ft be two algebraic elements relative to a number-field 
R) and let a and 0 be roots of the polynomials A{ x) and B(x). re- 
spectively with coefficients in R, where A(x)B(x) 7* 0. Let y be a 
new variable, and let G(y) be the resultant with respect to x of the 
polynomials 

(1) A(y — x) and B(x). 

Substituting y = a + ft in (1), we have two polynomials 
A (a + ft — x) and B(x) which have ft as a common root. Therefore 
(r(a + ft) = 0. Since G(y) t* 0 is a polynomial in R, a + ft is 
algebraic relative to R. In a similar manner let the reader show 
that a — ft, aft , and ajft (ft ^ 0) are algebraic relative to R, being 
roots of the resultant with respect to x of 
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( 2 ) 

A(y + x) and B(x) } 

( 3 ) 

x n A{yjx ) and B(x) } 

( 4 ) 

A (xy) and B{x), 


respectively. In (3) the factor x n , where n is the degree of A(x), 
is introduced to secure a polynomial. We conclude that the sum, 
difference, product, and quotient of any two complex numbers 
which are algebraic relative to R are algebraic relative to R. There- 
fore the algebraic elements relative to R form a field R'. We pro- 
ceed to prove that R' is algebraically closed. 

Let 


Cix) = C 0 X h + CiX h ~ l + + IX + c h 

be a polynomial in R\ The field R(c 0 , c h • - • , c h ) is algebraic 
relative to R and contains a primitive element r (Theorem 9, 
p. 129); and 

Ci = <Pi{r ), (i = 0, 1, , A), 

where <pi(x) is a, polynomial in R (Theorem 4, p. 123). Letn, * * • , 
T k be the conjugates of r relative to R. Construct the polynomials 

Ci(x) = <Po(Ti)x h + (Pl(Ti)x h ~ l 4 - + <Ph-l(Ti)X 4 - <Ph(Ti ), 

(* ^ * * 7 &)> 

among which (7 (x) is included. Their product 
E{x) = C x {x)Cz{x) • • * C*(z) 

is a polynomial in E, as its coefficients are symmetric functions of 
ti,' * * • , r k . Therefore, by the definition of R r , all the roots of 
H (x) . are elements of R'. Since the roots of C(x) are included 
among those of H(x) } the roots of C(x) are elements of R r . Now 
C(x) was selected as any polynomial in R\ Hence the roots of 
every polynomial in R' are elements of R\ and R' is algebraically 
closed. 

An algebraic number (p. 119) is a complex number which is 
algebraic relative to the field of rational numbers. As a consequence 
of Theorem 3, the algebraic numbers form an algebraically closed 
field. This is the smallest algebraically closed field which contains 
the rational numbers. 

It is known that there are complex numbers which are not 
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algebraic numbers. Such numbers are called transcendental 
numbers .* Examples of transcendental numbers are the familiar 
numbers e = 2.781828 * - • and tt = 3.14159 - • • .f 

Although the number of algebraic numbers is infinite, as well 
as the number of transcendental numbers, there are “more” 
transcendental numbers than algebraic numbers in a certain 
sense which is defined in works on the Theory of Aggregates which 
we shall not undertake to describe here. With the aid of elemen- 
tary theorems on the cardinal numbers of infinite sets we shall 
prove that the field of complex numbers contains an infinite number 
of algebraically closed fields. 

Let Ro be the field of algebraic numbers and ri a transcendental 
number. The complex numbers which are algebraic relative to 
Eo(ti) form an algebraically closed field Ri by Theorem 3. Let t 2 
be a complex number not contained in Ri. The complex numbers 
which are algebraic relative to Ei(t 2 ) form an algebraically closed 
field E 2 . Continuing thus we obtain a sequence of algebraically 
closed fields R 0 , R h E 2 , ♦ • * , each of which is a subfield of its 
successors. The results of the Theory of Aggregates to which we 
have alluded assure us that this sequence may be continued in- 
definitely. The field of complex numbers therefore contains an 
infinite number of algebraically closed fields. 

The preceding discussion gives one an insight into the highly 
complicated structure of the field of complex numbers from the 
algebraic point of view. It shows that the field of complex numbers 
cannot be obtained from the field of rational numbers by algebraic 
operations. On the other hand, the notion of a limit (a concept 
which belongs to Analysis rather than to Algebra) does provide a 
method for constructing the field of complex numbers: the field of 
real numbers is obtained at one swoop by adjoining to the field of 
rational numbers all limits of convergent sequences of rational 
numbers, and the field of complex numbers is then obtained by 
adjoining i to the field of real numbers. 

We also infer from the preceding results that the field of com- 
plex numbers is not created for the purpose of securing an alge- 

* In 1840 Liouville proved a theorem which enabled him to prove the exist- 
ence of transcendental numbers. On Liouville’s theorem the reader may con- 
sult G. H- Hardy, An Irdrodudion to the Theory of Numbers, Bulletin of the 
American Mathematical Society, Vol. 35 (1929), p. 789; E, Landau, VorU- 
sungen fiber ZaMentheorie (1927), Vol. 3, p. 38 and p. 91. 

f For proofs see Landau, loc. cit, pp. 92 ff. 
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braically closed field which contains the field of rational numbers, 
as is occasionally asserted. For that purpose it would be sufficient 
to create merely the field of algebraic numbers. The field of com- 
plex numbers has a property which is not shared by any of its 
algebraically, closed subfields: it is compact; that is, every conver- 
gent sequence of complex numbers has a limit which is a complex 
number. The field of complex numbers is the smallest field con- 
taining the field of rational numbers which is both compact and 
algebraically closed. It is the possession of both of these properties 
which accounts for the important role which the field of complex 
numbers plays in mathematics. 



CHAPTER IX 

CONSTRUCTIONS BY RULER AND COMPASSES 

66; Introduction. Among the problems considered in elemen- 
tary geometry there is a large number of the following type: Given 
a certain configuration consisting of points, lines, fine-segments, 
angles, and circles (called geometric elements ), to construct one or 
more geometric elements having a stated property or a certain 
relation to the given configuration. It is demanded that only 
ruler and compasses be employed in the construction. In this 
chapter we shall develop methods of determining whether or not a 
proposed construction is possible with ruler and compasses. 

It is important to understand precisely what the nature of the 
proposed problem is and what means it is permissible to employ 
in the solution of the problem. Certain points, fines, etc., are 
“ given that is, they are assumed to have been drawn in a plane. 
No relations are to be assumed among the given elements other 
than those asserted in the statement of the problem. If the prob- 
lem is concerned with two given parallel fines, then, of course, the 
fact that these fines are parallel may be used in the course of the 
solution of the problem. But if the problem merely states “given 
two lines • • • , ” and no relation between them is mentioned, the 
lines may not be assumed to be parallel or perpendicular or to have 
any other special relation. Again, if two or more line-segments are 
given, and no relation among them is mentioned, we may not 
assume that the lengths or the ratios of the lengths of these lines 
are known as fixed real numbers. To be sure, we may introduce 
symbols to represent their lengths or the ratios of their lengths, 
but these symbols are to be regarded as 'parameters and not as 
known real numbers; they are real parameters since they assume 
only real values. 

The fundamental constructions are: 

1. Joining two points by a line-segment. 

2. Drawing an infinite line through two points. 

3. Drawing a circle with a given point as center and a given line- 
segment as radius. 


154 
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The first two constructions are effected by a ruler and the third 
by compasses. 

All other constructions consist of two or more applications of 
these fundamental constructions. 

Being given certain geometric elements, new elements may be 
found. A line-segment, as well as a line, is determined by two given 
points. New points are determined by the intersection of given 
lines, lines and circles, or circles. These new elements may be em- 
ployed to find other elements; etc. The fundamental constructions 
may be employed any finite number of times for the purpose of 
solving a given problem. Moreover, it is permissible to introduce 
any other geometric element provided that it is not assumed that 
this element has a special relation to the given elements, unless 
the possibility of constructing this special element has been pre- 
viously demonstrated. It is permissible, for example, to draw an 
arbitrary line through a given point, or to draw a circle of arbitrary 
radius with a given point as center; but it is not permissible to 
prescribe that $ line is to be drawn through a given point making 
some special angle, such as 62°, with a given line, or that a circle 
is to be drawn with a given point as center and having a radius 
equal to 2. 

The reader who wishes to understand the pitfalls into which 
circle-squarers and angle-trisectors have fallen will do well to 
reconsider the preceding remarks, as ignorance of the nature of the 
problem to be solved and of the means which it is permissible to 
employ in the solution of the problem are largely responsible for 
the so-called solutions of the problems of squaring the circle and 
trisecting the angle which are occasionally heralded by the press. 

67. The field R i relative to R. Let 22* denote the set of all 
algebraic elements relative to a field R which are expressible in 
terms of radicals of index 2 (square roots) relative to R (§ 59). A 
typical element of 12* consists of the sum of a finite number of 
terms of the form 

(1) gx^lhi + * * * + Qk^hk) 

where h is a positive integer and the g’s and k’s are elements of R. 
It will be observed that there are k superimposed square roots in 
(1). We leave it to the reader to prove that R* is a field , and that 
the square root of every element of R i is also an element of 12*. The 
importance of this field will appear subsequently. 
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The field R* may be the same as R. This happens, for example, 
when R is the field of complex numbers. On the other hand, E* 
need not be algebraic relative to R although the individual ele- 
ments of R * are algebraic relative to R. This is the case when 
R — R( 1). For suppose that R*( 1) is of degree n relative to R . 
Then the degree, relative to E( 1), of every element of E* is a 
divisor of n (p. 125). But E*( 1) contains the positive real root of 
the equation 

x* m - 2 = 0 , 

which is of degree 2” relative to E(l) (p. 68, Ex. 1). Since m may 
be chosen arbitrarily large, E*( 1) is not algebraic relative to #(1). 

Excepting when E* = R, E* contains one or more proper sub- 
fields — for example, the fields generated by those elements of E* 
which are not elements of R — which are algebraic relative to R. 
Concerning these subfields the following theorem is of great im- 
portance. 

Theokem 1. IfiR'^R is a sub field of E* which is algei *c 
relative to R, then the degree of R f relative to R is a power of 2. 

The field R r contains a primitive element a which equals the 
sum of a finite number of terms of the form (1). With respect to 
this term let 

Ok = % b, a k ~i = hk-i + gk^ak, &k-2 = h k ~ 2 + gk-\^a k ~u • • ■ . 

It is 'obvious that (1) is contained in the field obtained by succes- 
sive adjunctions to R of 

(2) VoL * * • , Va x . 

A similar set of square roots is formed for each term of a. These 
are now arranged in a single set 

4 

(3) ^a kJ , Veil, ^bij 1 ^bij j ■ ’ * j Vtij. 

Now Va^ is of degree 1 or 2 relative to E, and each of the other 
radicals of the set (3) is of degree 1 or 2 relative to the field gen- 
erated by R and all the preceding radicals. Let us suppress all 
radicals in (3) of the first degree, forming the modified sequence of 
radicals 

( 4 ) • • * , * 

each of which (except the first) is of degree 2 relative to the field 
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generated by R and all the preceding radicals, while is of 
degree 2 relative to R. The field R" generated by R and all the 
radicals (4) is clearly the same as the field generated by R and all 
the radicals (3). By Theorem 10, p. 132, the degree of R" relative 
to E is 2*. Since a is an element of R" its degree relative to R is a 
divisor of 2 q and is therefore a power of 2. 

Theorem 2. AU the conjugates, relative to R, of any element of 
R* are contained in R*. 

Let a be an element of R i . If a is in R, the theorem is evidently 
true. Suppose, then, that a is not in R, and form for a the sequence 

(4) . Let Ro — R y and let R p be the field generated by R and the 
first p radicals of the set (4). We shall prove the theorem by 
mathematical induction: we shall assume that the theorem is true 
for every element of Rp- 1 and will prove that it is true for every 
element of R v . 

Since v p is an element of Rp- 1 , its conjugates 
v (2) Js) 

relative to R, are elements of R i . If these conjugates satisfy the 
equation F(v) = 0, with coefficients in R, the roots of the equation 
F(v 2 ) = 0 are 

= =*= =Vt^. 

The conjugates, relative to R, of are included among these 
roots being the roots of that irreducible factor of F(v 2 ) in R which 
has as a root, and are therefore contained in R\ since the 
square root of every element of R* is an element of R*. The 
theorem is proved for 
Let 

(5) p = Vtq + + • * * + bp-y/vp 

be a primitive element of R p , the b’s being elements of R (Theorem 
9, p. 129). Since is an element of R p = R(P) f 

= <pk(P) (Jc = 1, * * * , p), 
where <pk(x) is a polynomial in R. (5) may now be written 

(6) P = <pi(j3) + bxpuiP) + • • • + b p <p p (p). 

This equation remains valid when p is replaced by any conjugate 
P' of p relative to R. Hence 
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(7) F - *1080 + + * • • + b*p 9 (F). 

But <pk(F) is a conjugate, relative to R, of ^!v k — <pk(fi) (Theorem 5, 
p. 124) and hence is an element of RK It follows from (7) that R* 
contains all the conjugates of /3 relative to R. Therefore R l con- 
tains all the conjugates, relative to R, of any element of R p . 

We have shown that if the theorem is true for every element of 
R p _i it is also true for every element, of R p . Now the theorem is 
evidently true for every element of R Q ; it is therefore true for every 
element of R x . Being true for every element of R x , it is true for 
every element of R%; etc. We conclude that the theorem is true for 
every element of R? and, in particular, for the selected element a. 

Theorem 3. The conjugates, relative to R, of an element of R* 
generate with R a field whose degree, relative to R, is a power of 2. 

Let a be an element of R* and a x , • • • , its conjugates rela- 
tive to R. These conjugates are contained in R l by Theorem 2. 
The field R(a h • • • , a») is therefore a subfield of R i and is 
clearly algebraic relative to R. The degree, relative to R, of 
R(ai, • • • , On) is, by Theorem 1, a power of 2. 

Theorem 3'. If a is an algebraic element relative to R, and if 
the conjugates of a relative to R generate with R a field whose degree , 
relative to R, is a power of 2, then a is contained in R*. 

This is the converse of Theorem 3. The proof is difficult and 
will be omitted. The difficult part of the proof consists in showing 
that a is expressible in terms of radicals relative to R; it is then 
easy to show that these radicals must be square roots. 

EXERCISES 

1. Give examples of algebraic numbers which are not elements of R*( 1). 

2. Show that if cos 6 is an element of &!(!)» so is cos 0/2. 

3. Show that if the cartesian coordinates of two points are elements 
of R , the distance between the points is an element of Ri. 

4. Show that the cartesian coordinates of the points of intersection of 
two circles are elements of Ri if the coefficients of the equations of these 
circles are elements of R. 

5. Show that if the coefficients of the cartesian equation of a circle are 
elements of R, the coordinates of its center are elements of R, while its 
radius is an element of Ri. 

6. Show that if R is the field of real numbers, Ri is the field of complex 
numbers. 

7. Give examples of construction problems in whose solutions arbitrary 
elements are introduced. 



§68 J 


CONSTRUCTIBLE ELEMENTS 


159 


68. Constructible elements. In order to apply algebraic methods 
to the analysis of construction problems it is convenient to intro- 
duce the notions of Analytic Geometry. A uni t and a pair of rec- 
tangular axes will be assumed to have been chosen. Points are 
represented by their coordinates, lines and circles by their equa- 
tions. The algebraic length of a line-segment may be a positive or a 
negative real number; its geometric length is the absolute value of 
its algebraic length. 

We observe next that the geometric figures of elementary geometry 
determine, and are determined by, one or more line-segments . A point 
is determined by its coordinates, which are the algebraic distances 
from the point to the coordinate axes. An angle is deter min ed by 
its trigonometric functions, which can be represented by line- 
segments. A line is determined by a pair of points which are, in 
turn, represented by line-segments; or by a point and the slope 
(when not infinite *) of the line, which are determined by line- 
segments; or by its equation, the ratios of whose coefficients 
(when none vanishes *) are representable as line-segments. A 
circle is determined by its center and radius, which are repre- 
sentable as line-segments; or by its equation, from which its center 
and radius can be determined. 

We shall suppose, therefore, that certain line-segments are 
given, and that the solution of a proposed problem ’has been re- 
duced to that of constructing one or more line-segments. We must 
now consider the problem: to determine all line-segments which 
can be constructed by ruler and compasses by means of a finite 
number of operations upon certain given line-segments. 



It will be recalled that if line-segments of lengths a and b (real 
numbers or parameters) are given, it is possible to construct line- 

* It is evident that the line is determined by a line-segment even in these 
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segments whose lengths are 

a + b, a — b, ab, a/b (b ^ 0), Va (a > 0). 

The figures on page 159 will refresh the student’s memory as regards 
the last three constructions. It follows that if line-segments of 
lengths oi, 02 , • • * , a n are given, it is possible to construct a line- 
segment whose length is any real element which is expressible in 
terms of a finite number of radicals of index 2 (square roots) rela- 
tive to the field R(a x , a*, * * • > On)* With the notation of § 67, 
every real element of R*(a i, <h, • * • , a*) is constructible; that is, a 
line-segment whose length equals any real element of R i is con- 
structible by ruler and compasses employing a finite number of 
operations. 

Using these constructible line-segments it is possible to locate 
a point whose coordinates are real elements of R * or to draw a line 
or a circle the coefficients of whose equation are real elements of 
R i . Let C denote the class of all line-segments, lines, points, and 
circles which are determined by the elements of RK The length of 
the line-segment joining two points (x h y x ) and (x 2y y 2 ) of C is 
V ( xi — x 2 ) 2 + ( 2/1 — 2 / 2 ) 2 ? which is an element of R i ; therefore no 
line-segment can be constructed whose length is not an element 
of R * by joining two points of the class C. The line determined by 
two points (xi, yi ) and (£ 2 , 2 / 2 ) of C belongs to C since the coeffi- 
cients of its equation are elements of R*. The point of intersection 
of two non-parallel lines of C belongs to C since its coordinates are 
found by solving two linear equations with coefficients in R 
Finally the points of intersection of two circles of C or of a line 
and a circle of C belong to C. We conclude that the class C is closed 
with respect to constructions by ruler and compasses; that is, we 
cannot, by ruler and compasses alone, obtain any line-segment, 
point, line, or circle not in C from the line-segments, points, lines, 
and circles of the class C. 

Theorem 4. A necessary and sufficient condition that a line-seg- 
ment of length x be constructible by ruler and compasses from given 
line-segments of lengths a x , az, * * * , a n is that x be a real element 
of the field R\a x , 02 , • • • , o»). 

We have proved this theorem on the assumption that no new 
line-segments were introduced to facilitate the construction. Sup- 
pose now that new line-segments b x , b 2 , ■ * * , b n are introduced. 
As stated in § 66, b x , b 2> * • • , b m must be entirely independent of 
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a h a 2 , * * * , a n ; that is, the b ’ s must not be assumed to be func- 
tions of the a’s. Since x , if constructible, must be an element of 
R i (ai } * * * , a n ; b h • * * , b m ), and since x is independent of the 
b 3 s, 2 must be an element of R i [a 1} a*, • * * , in any case. 

We are now in a position to answer questions concerning the 
possibility of effecting constructions by ruler and compasses. 

Example 1. To construct the edge of a cube whose volume is 
twice that of a cube whose edge is given. 

Choosing the edge of the given cube as a unit, the volume of the 
required cube is 2. The edge of the required cube is therefore 
The problem is reduced to that of constructing a line-segment of 
length V2. Now is not ah element of JB*(1) ; for the degree of 
V2 relative to R(l) is 3, whereas the degree of every element of 
1^(1) is a power of 2 by Theorem 1. The proposed construction is 
therefore impossible by ruler and compasses. 

Example 2. To trisect a given angle. 

Denoting the angle by 0 (a parameter), a line can be constructed 
whose length is t = cos 6 with respect to a chosen unit. If it were 
possible to trisect the angle 0 , it would be possible to construct a 
line of length eos 0/3. Since 

4 cos 3 0/3 — 3 cos 0/3 = eos 6, 
a line whose length is a root of the equation 
4x 3 — 3x — t = 0 

would be constructible. Since this equation is irreducible in R(t) 
(Ex. 14, p. 64), its roots are of degree 3 relative to R(t ). The pro- 
posed construction is therefore impossible by ruler and compasses. 

This result is not to be misinterpreted as meaning that no angle 
can be trisected (see Ex. 3 below). We have proved that an arbitrary 
angle cannot be trisected. 

Example 3. To construct a square whose area equals the area of 
a given circle. 

Taking the radius of the given circle as the unit, its area is t. 
The edge of the required square is VtF. If the construction were 
possible Vi 1 , and hence w, would be an element of R k { 1). Since the 
elements of 1) are algebraic numbers and t is not an algebraic 
number (p. 152), the proposed construction is impossible by ruler 
and compasses. 
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EXERCISES 

Show that the following constructions can he effected by ruler and compasses 
whenever they are at all possible . 

1. To construct a circle whose area is the sum of the areas of n given 
circles. 

2. To inscribe a regular pentagon in a given circle. (See Ex. 15, p. 14.) 

3. To trisect an angle whose cosine is — 

4. To construct a triangle, given one side, the altitude to that side, and 
the opposite angle. 

5. Through a given point to draw a line which cuts off a chord of given 
length from a given circle. [Find an equation satisfied by the slope of the 
line.] 

6. To inscribe a square in a segment of a circle. 

7. To draw two parallel chords of a given circle, given their sum and 
the distance between them. 

8. To draw a circle through two given points such that a tangent line 
to this circle from a third given point has a given length. 

9. To locate a point on a given line which is equidistant from a given 
point and a second given line. 

10. To construct a right triangle given the sum of the sides including £he 
right angle and the altitude on the hypotenuse. 

Show that the following constructions cannot be effected by ruler and com - 


11. To construct the radius of a sphere whose volume is the sum of the 
volumes of two spheres whose radii are given. 

12. (a) To trisect an angle of 120°. 

(b) To trisect an angle whose cosine is f . 

13. To inscribe a regular polygon of 9 sides in a given circle. 

14. To construct a line whose length equals the circumference of a given 
circle. 

15. To locate a point on a given line the product of whose distances from 
three given points on the line is a given constant. 

16. To inscribe an isosceles triangle of given area in a given circle. 

17. To construct an isosceles triangle whose perimeter and area are 

given. v 

18. To locate on a given circle a point which is equidistant from a given 
point and a given line. 

19. To draw a chord of a given circle which forms, with the tangent lines 
to the circle at its extremities, a triangle of given perimeter. 

20. To construct a right triangle given the perimeter and the median to 
one of the legs. 
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69. Irredueibility of the polynomial whose roots are the primi- 
tive nth roots of unity. We proved in § 6 that if e is a primitive nth 
root of unity and if Ci, * • • , c h are the positive integers < n and 
prime to n, then e% * • • , e c * are the primitive nth roots of unity. 
We have also seen that the coefficients of the primary polyno mia l 

Fn(x) = (X — € c i) « • • (x “ € c *), 

whose roots are the primitive nth roots of unity are integers (Ex. 
25, p. 39). For the purposes of the next section we shall now prove 
that the 'polynomial F n (x) is irreducible in R(l). The case in which 
n is a prime number was treated in § 27. A number of proofs of 
this important theorem are known, all of which involve the Theory 
of Numbers to a greater or lesser extent. The propositions of the 
Theory of Numbers which are required in our proof are developed 
in the lemmas. 

Lemma 1. Let c, n, and N ^ 1 be integers of which c and n are 
relatively prime . Let P be the product of all the prime numbers ^ N 
which are not divisors of cn; in the event that there are no such prime 
numbers , let P = 1. Every prime number which is a divisor of the 
integer c' = c + nP is > N. 

Every prime number p S. N is a divisor of c or of nP but not of 
both these numbers since c and nP are relatively prime. If p is a 
divisor of c it cannot be a divisor of c' since in that case it would 
be a divisor of nP = d — c. If p is a divisor of nP it cannot be a 
divisor of d since in that case it would be a divisor of c = d — nP. 
Therefore every prime number which is a divisor of d is > N. 

Lemma 2. (Fermat.) If p is a prime number and a any integer 7 
a p — a is divisible by p. 

With the aid of the expansion by the Binomial Theorem of 
(a =*= 1)* it is readily proved that 

(a ± l) p — (a =*= 1) = a p — a + pb , 

where b is an integer. Let the student complete the proof by 
mathematical induction. 

Lemma 3. If f{x) is a primary polynomial with integral coeffi- 
cients and g(x) is the primary polynomial whose roots are the pth 
powers of the roots of f(x), where p is a prime number , then 

f(x) - g(x) = p^(x) } ^ 

where ip(x) is a polynomial with integral coefficients* 

* In special cases fix) and g{x) may be identical and = 0. 
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Let ai, • • * , am be the roots of f(x). The /bth elementary sym- 
metric functions of the roots of fix) and of g(x) are 

cr* = ^a±a 2 • a k 

and 

< r k = 'hai p a 2 v • * • ak p 

respectively. Hence 

<r k p - <r k ' = pG, 

where G is a symmetric function, with integral coefficients, of 
ai, * * * , ctm and therefore equals an integer (Theorem 9, p. 108). 
Since, by Lemma 2, 

<r k p = cr k + pH, 

where H is an integer, 

<r* - <r k ' = p(G ~ H). 

We conclude that every coefficient of the polynomial /(a) — g(x) 
is divisible by p. 

Theorem 5. The primary polynomial whose roots are the primi- 
tive nth roots of unity is irreducible in the field of rational numbers. 

Let e be a primitive nth root of unity, and let f(x), of degree m, 
be the primary irreducible polynomial in R( 1) of which e is a root. 
f(x) is a divisor of the primary polynomial F n (x) whose roots are 
the primitive nth roots of unity. Therefore 

/Or) = (x — • • • (z — 

where ai, * • * , a™ are distinct positive integers < n and prime to 
n. We shall prove that f(x) = F n {x). 

Let p be a prime number, and let g(x) be the primary poly- 
nomial whose roots are e pa i, • * * , e pa ™. If <x k and cr k are the ftth 
elementary symmetric functions of the roots of fix ) and of gix) 
respectively, 

f{x) = X m - <T iX m—1 + • + (“1 ) m (T m , 

g(x) = x m — crfx™- 1 + • + (— l) m <r m '. 


The coefficients of f(x) and of g(x) are integers (Theorem 4, p. 65; 
Theorem 9, p. 108). Now 


<i k = 2e< 


(symmetric function), 
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the right member of which consists of 

(m\ _ m{m — 1) • • • (m — k + 1) 

W ki 

terms each equal to 1 in absolute value. Hence 

| tr k < < 2" * ^ 2“ 

Similarly ] cr k r | < 2 n . By Lemma 3, 

f{x) - g{x) = p{t&™ + hx™" 1 + • * • + t m ) f 

where t Q , tx, • • * , t m are integers. Consequently 

\pt k \ = \a k ~ cr k | < \<r k | + | <Tk | < 2 n + 2 n = 2 n+l . 

If p > 2 n+1 , this inequality implies that t k = 0. Therefore if 
p > 2 n+1 , thenf(x) = g(x), and the pth power of every root of fix) is 
also a root of f(x). 

We now apply Lemma 1. Let c be any integer prime to n, let 
N = 2" +1 , and let c' = c + nP, where P has the value defined in 
Lemma 1. Write c' as the product of prime numbers: 

d = pip 2 * * • p T . , 

By Lemma 1 each of these primes is > 2 n+1 . Therefore, since € is a 
root of f(x), so is e p i. Since e p i is a root of f(x), so is (€ p i) p t = e p i p s. 
Continuing thus we infer that e c/ is a root of fix). But e c/ = € c e nP 
— c c since e n — 1. Therefore if c is any integer prime to n t e c is a 
root of f(x). We conclude that every primitive nth root of unity is 
a root of fix) so that f(x) ~ F n {x). 

70. Inscribable regular polygons. In this section we shall dis- 
cuss the question: For what values of the integer n > 3 is it pos- 
sible to inscribe, by ruler and compasses, a regular polygon of n 
sides in a given circle? 

The given circle will be taken as the unit circle in the plane of 
complex numbers and the point 1 will be chosen as -one vertex of 
the regular polygon. A regular polygon of n sides can be in- 
scribed in the unit circle, with one vertex at the point 1, if and only 
if (see Figure 15) the lines 

ON = cos 27r/n, NPi = sin 2irjn 
* Because is a term, of the expansion of (1 + l)” 1 
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are construetible. Therefore cos 2x/n, sin 27r/n, and 
e = cos 2rrjn + i sin 2i r/n 



must be elements of 22* (1). A regular polygon of n sides is inscrib - 
able in a circle by ruler and compasses if, and only if, the nth roots of 
unity are elements of 22* (1). 

Since the degree, relative to 22( 1), of every element of 22*( 1) is a 
power of 2 (Theorem 1), only those roots of unity are contained in 
22*( 1) which satisfy irreducible equations in 22( 1) whose degrees 
are powers of 2. Now the primitive nth roots of unity satisfy an 
equation in 22( 1) of degree <p(n), where (pin) is the number of posi- 
tive integers < n and prime to n, and this equation is irreducible 
in 22(1) (Theorem 5). It follows that the primitive nth roots of 
unity, and hence all the nth roots of unity, are elements of 22 *( 1) 
if, and only if, <p(n) is a power of 2. A regular polygon of n sides is 
inscribable in a circle by ruler and compasses if, and only if, <p(n) 
is a power of 2. 

The number-theoretic function cp{n) is called Euler’s <p-f unction 
and plays an important role in the elementary Theory of Numbers, 
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§71] REGULAR POLYGON OF 17 SIDES 
where it is shown that if 

n = pi a ip 2 a > • • • Pfr, 

the p’s being distinct prime numbers and the a’s positive integers, 
then 

<p(n) = pi a r l p 2 a r l • • • - l)(fr - 1) . . . (p r - 1). 

From this formula it follows that <p(n) is a power of 2 if, and only 
if, n is not divisible by the square of a prime number > 2 and each 
odd prime factor of n has the form 1 + 2*. 

Theorem 6. A tegular polygon of n > 3 sides is inscribable in a 
circle by ruler and compasses if, and only if, n is a power of 2 or 

n = 2 CL piP 2 • * • p r , (a > 0, r ^ 1), 
where the p’s demote distinct prime numbers of the form 1 + 2*. 


EXERCISES 

1. Show that regular polygons of 3, 4, 5, 6, 8, 10, 12, 15, 16, 17, 20, 24, 
34, and 257 sides are inscribable. 

2. Show that regular polygons of 7, 9, 11, 13, 18, 25, 35, 100, and 105 
sides are not inscribable. 

3. Show that 1 + 2 * is not a prime number if s is not a power of 2. 

71. Construction "of a regular polygon of 17 sides. Since <p( 17) 
= 2 4 , a regular polygon of 17 sides can be inscribed in a circle by 
ruler and compasses. To determine the details of the construction 
of a regular polygon of 17 sides we shall solve by radicals the 
equation 

2 16 + S 15 + +2 + 1 = 0, 

whose roots are the primitive 17th roots of unity. We shall find 
that the radicals which occur are square roots. By examining these 
square roots and the equations which yield them we are led to a 
construction by ruler and compasses of a regular polygon of 17 
sides. 

Following Gauss, the roots are arranged in the order * 

(1) e, e 3 , e & , e 10 , e 13 , **, € 15 , e 11 , e 16 , e 14 , e 8 , e 7 , € 4 , € 12 , 6 2 , €*, 

each of which is the cube of the preceding, the first being the cube 
* See Ex. 1 and 2 below. 
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of the last. Here 


(2) e = cos 0 + i sin 0, (0 = 2ir/17). 

The sums of the alternate terms of (1) are now formed: 

2/i = « + e 9 + e i3 + e 15 4 e 16 4 6 s + e 4 + e 2 , 

( } 2/2 = € 3 + e 10 + € 5 + e 11 + € 14 + e 7 + e 12 + A 

Since the sum of all the 17th roots of unity is 0, 

€ € 2 _j_ . . € m — 

With the aid of. this relation it is readily verified that 
2/i + 2/2 = — l, ym = 4. 

Therefore y x and y 2 satisfy the equation 
( 4 ) y 2 4 y - 4 = 0, 

whose roots are (—1 =*= Vl7)/2. To determine which of these is 
yi and which y 2j we observe that, by (3) 

2/i « (€ 4 € 16 ) + (* 2 + e 15 ) + (€ 4 + € 13 ) 4- (6 s + € 9 ) 

= 2 cos 0 4- 2 cos 20 4- 2 cos 40 4 2 cos 80, 


which is positive. Therefore 


( 6 ) 


2/i 


-1 4- Vl7 

2 


-1 - Vl7 

2/2= 2 


Four sums- are now formed from the alternate terms of ( 3 ): 
= € 4 e 13 4 c 16 4- € 4 = 2 cos 0 4 2 cos 40, 
z 2 = c 9 + 4 ^ 4 e 2 = 2 cos 20 4 2 cos 80, 

a* = + € s + e i4 + e » = 2 cos 30 + 2 cos 50, 


£4 == € 10 4- e 11 4- e 7 + c 6 = 2 cos 60 4* 2 cos 70. 

We find that Xi and satisfy the equation 

( 7 ) x 2 — y±x — l = 0 , 

whose roots are (— 1 4 Vl7)/4 =*= (\34 — 2Vl7) /4. Since Xi is 
positive while x 2 is negative (see last members of ( 6 )), we have 
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( 8 ) 


-1 + Vl7 V34 - 2VI7 
4 + 4 

-1 + V17 V34-2V17 

4 4 


Similarly 23 and x 4 satisfy the equation 

x 2 - y& - 1 = 0, 
from which it follows that 


x 3 


-1 - Vl7 , V34 + 2V17 


( 8 ) 


^4 = 


— 1 — Vl7 V34 + 2V17 


( 10 ) 


4 4 

Again, forming the sums of the alternate terms of xi in (6), let 
Wi = e + € 16 = 2 cos 6, 

Vh — e 13 + e 4 = 2 cos 46, 
which satisfy the equation 

w 2 — X\ w + x 3 = 0, 

whose roots are 

^ 1 x 1 + ^i 2 ~ 4x 3 ... zi - ^ xi 2 - 4x 3 

(11) 101 = o 3 Vh = 


One more step is necessary to find €. This step will be omitted 
as we have gone sufficiently far for our purpose. For (11) gives us 
the value of Wi = 2 cos 6 , from which the angle 6 = 27r/17 can be 
constructed and the regular polygon of 17 sides completed. Equa- 
tions (6), (8), (9), and (11) indicate the square roots which must be 
extracted for the purpose of constructing a regular polygon of 
17 sides. It is not difficult to describe the construction with the 
aid of these results. We shall, however, give a more ingenious 
construction * based on (3), (6), and (10). 

Construction 

Let 0 be the center of the circle and A0A T a diameter. On the 

* Due to H. W. Richmond, “To Construct a Regular Polygon of Seventeen 
Sides/' Mathematische Annalen, Vol. 67 (1909), p. 459. 
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diameter CC f -L A A' lay off OD = OA/4. Join A and D. Locate 
E on OA so that a = LODE = \ LODA . Locate F on OA so 
that LEDF = 45°. 

Let the perpendicular to OA at E intersect the circle drawn on 
OA as diameter in Q. With 0 as center and OQ as radius swing an 
arc intersecting the circle constructed on OF as diameter in R 
With F as" center and FR as radius draw a circle intersecting OA 
in N i and iV 4 . 

At Ni erect a perpendicular to OA intersecting the given circle 
in Pi. Then APi is a side of the regular polygon of 17 sides, and 
the polygon is readily completed. Incidentally, a perpendicular to 
OA at W 4 intersects the circle in a point P 4 which is the fourth 
vertex of the polygon if Pi is regarded as the first. 


Proof 

From the construction, we have 

( 12 ) ON i * ON 4 = (OF + FR)(OF - FR) = OP 2 - FR 2 

= OR 2 = OQ 2 = OA • OF, 

(13) ONi + ON 4 = (OF + FF) + (OF - FR) = 2 • OF, 

(14) tan 4a = 4. 

By means of the last equation (4) may be written 
y 2 + 4 y cot 4a — 4 = 0, 

whose roots y i and y* are ' 

—2 cot 4a =fc 2 esc 4a, 

which are readily reduced to — 2 cot 2a and 2 tan 2a. Since yi is 
positive and 2/2 negative, 

(15) 2/1 — 2 tan 2a, y 2 = —2 cot 2a. 

Therefore (7) may be written 

x 2 — 2x tan 2a — 1 = 0, 
whose roots x\ and x 2 are 


tan 2a =*= sec 2a 


sin 2a =*= 1 


cos 2a 
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( 16 ) 


x 2 = 2 (cos 20 + cos 89) — tan (a + 135°), 

Xz = 2 (cos 3 9 + cos 50) = tan a , 

Xi = 2 (cos 60 + cos 70) = tan (a + 90°). 


Taking the radius OA = 1, and employing the trigonometric 
identity 


co^ 30 + cos 50 = 2 cos 0 cos 40, 


we have by ( 16 ), 


( 17 ) 


2 cos 0 + 2 cos 40 = tan (a + 45°) = 4 OF , 
2 cos 0 • 2 cos 40 = tan a — 4 OZ£. 


- Therefore, by ( 12 ) and ( 13 ), 

ON i + ON a — cos 0 + cos 40, 

( 18 ) 

ON i • OiV 4 = cos 0 cos 40. 

It follows that OiVi and OA 4 satisfy the same quadratic equation 
as cos 0 and cos 40. Since ONi > ON \ and cos 0 > cos 40, we con- 
clude that 

( 19 ) ON i = cos 0, ON a = cos 40. 


EXERCISES 

1. Show that the primitive 17th roots of unity can be arranged in order 
so that each root is the fifth power of the preceding, the first being the fifth 
power of the last. Show that the sums of the alternate terms of this ar- 
rangement are the same as those of the text. 

2 . Show that the primitive 17th roots of unity cannot be arranged in 
order so that each root is the square of the preceding. 

3. Express the fifth roots of unity in terms of radicals by Gauss’s 
method. 

4 . Show that 

(a) 2 cos 30 -j- 2 cos 50 = tan a, 

2 cos 30 * 2 cos 50 — tan ( a -f *135°) 

(b) 2 cos 20 + 2 cos 80 — tan (a + 135°), 

2 cos 20 * 2 cos 80 — tan {a + 90°) 

(c) 2 cos 60 + 2 cos 70 = tan (a -f 90°), 

2 cos 60 * 2 cos 70 = tan {a + 45°). 

These results are similar to ( 17 ) and lead to independent constructions of 
the third and fifth, second and eighth, and sixth and seventh vertices 
respectively of the regular polygon of 17 sides. 
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MISCELLANEOUS EXERCISES 

1. Shaw that if z + z -1 = 2 cos 0, then z 71 + z~ n = 2 cos n&. 

2 . Show that the line joining the points z x and z 2 is parallel to the line 

joining the points zz and z 4 if, and only if, fr is a real number. 

3. Show that | z x 4- Z 2 | 2 + I z x - ^ | 2 = 2( | z x | 2 -f | z* | 2 ). 

4. Show that if | zi | = 1 1 sfe | , where t is real and > 0, then 1 t% — z x | 
* t\ Zz — Zi | * 

5. Show that if a and b are distinct complex numbers, the locus of a 
point z which satisfies the equation 

| z — a | — ft | z — 6 1, (ft > 0, ft 1) 


is a circle whose center is the point 

, i a — b | 
ft 2 -1 


h 2 b 


ft 2 - 1 


and whose radius is 


6. Find the remainder of the division of x 60 — 1 by x 3 — a. 

Ans. a 20 — 1. 

7. Find the remainder of the division of x 100 — 1 by x 3 — a. 

Ans. a 33 x — 1. 


8 . Show that if /(x) is a polynomial, 

(x - p)/(z) 4- (y - z)f(x) + {z - x)f(y) 


is divisible by (x — y)(y — z)(z — x). 

9. Show that the remainder of the division of the polynomial /(x) by 
(x — a)(x — 6), (a 5 ^ 6) is 


f(a) -/(&) . af(b)-bf(a) 

a — b ‘ a — b 

10 . Show that if a, d, and n are positive integers and d is a divisor of n, 
then x"*- 1 — 1 is a divisor of x a *~ x — 1. 

11. Show that if n and m are positive integers, 

(x n — l)(x"- +1 — 1) * - * (x rt+wt “ l - 1) 

is divisible by 

(x — l)(x 2 — 1) * * * (x m — 1). 

12. Show that if p is a prime number > 2, then 

(x - 1) (x 2 — 1) * * * (z^ 1 - 1) - p 

, #p — 1 

is divisible by — * 



174 


MISCELLANEOUS EXERCISES 


13. Show that if p is a prime number > 2, then 
O - -«)••• ( z *"" 1 - «) - 


is divisible by 


a? — 1 
x — 1 


14. Show that if 


P(x) - (* + l) 2n + 2*(* + l) 2 "' 1 + • • • '2***»(s + 1)*, 

then (z — l)P(x) 4- (x 4- l) 2n+1 is divisible by x n+i . (NouveUes Anncdes de 
Math. (1919), p. 438.) 

15. Let A(x) and B(x) be two polynomials of degrees n and m respec- 
tively in a field R. Prove that unique polynomials Co, Ci, * * * , C* in R, 
each of degree < m, exist such that 

A - Co 4- CiR + C*B 2 + • • • + CkB k , 

where k is the largest integer ^ n/m. 

16. Show that if r is prime to n, then F n (x r ) is divisible by F n (x), where 
F n (x) is the primary polynomial whose roots are the primitive nth roots of 
unity. 

17. Show that if /(s r ), (r ^ 2), is divisible by the polynomial fix), then 
every root of f(x) is 0 or a root of unity. 

18. Show that if € is a primitive nth root of unity and f(x) is a poly- 
nomial of degree ^ n — 1, then 

f{x) 4-/(ec) -f • • * -f /(€ n_1 x) = n/(0). 

19. Show that if p is a prime > 2, and e is a primitive pth root of unity, 
then 

(x _ i) P 4- ( x _ € ) P 4. . . . 4- fa — c*” 1 )* » p(xp — 1). 

20. Let € be an nth root of unity different from 1, and let 

f{x) = x n ~ 1 4- x n ~* 4" * • • + x 4- 1. 

Show that 

/'(«> = ^)- 

21. With the same notation, show that 


e 4- 4- 4 - (» — l)e n_1 1 

22. Let a be a primitive nth root of unity and ft a primitive mth root of 
unity. Show that if n and m are relatively prime then aj3 is a primitive 
nmth. root of unity. 

23. Solve the equation (z 4- i)* 4- (2 — i) n = 0. 

Am. 2 *■ cot (2 k 4- l)ir/2n, (k = 0, 1, • • • , n — 1). 
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24. Solve the equation (z -f i) n — (2 — i) n — 0. 

Ans. z — cot for/71, (k ~ 1, * * * 9 n — 1). 
26. Show that if a is a real number all the roots of the equation (2 -f- u)» 
-f (z — a) 71 = 0 lie on the axis of pure imaginaries. 

26. Show that the roots of the equation (z** — l) n = 1 are 



27. Show that 


n)in 

**0 2 * 1 

[Substitute 2 = cos 2<p + i sin 2<p in the identity 

1 ~ ^ = n 1 (1 ~ €*2), 

Jfc -0 

and apply trigonometric formulas.] 

n— 1 

28. Deduce that 2 cot (<p + hejn) — n cot n<p, where <p mwfn } m 

a * 0 

being an integer. 

29. Show that the only primary polynomials of degree 2 with integral 
coefficients whose roots are roots of Unity are 

x 2 =*= 1, x* =* x 4- 1, x* sfc 2x -f 1. 

30. Prove that if the absolute value of every root of a primary poly- 
nomial with integral coefficients is 1, these roots must be roots of unity. 
[Consider the equation whose roots are the mth powers of the roots of the 
given equation, m — 1,2, • * * . Only a finite number of these equations 
are distinct.] 

31. Show that if F n (x) is the primary polynomial whose roots are the 
primitive nth roots of unity, then 

0 if n « 1, 

F n ( 1) — - p if n is a power of the prime p, 

1 otherwise. 

[Prove by mathematical induction, using the result of Ex. 24, p. 39.] 

32. Show that the length of a side of a regular polygon of 11 sides, 
inscribed in a circle of radius 1, is a root of the equation 

x 5 - VIKx 4 - 3x 2 - 1) - llx = 0. 

(American Mathematical Monthly [1922), p. 91.) 

33. Show that the remainder obtained when the polynomial /(x) i? 
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divided by the polynomial F(x') = (x — x{) • (x - Xn), where x 2 , 

• • • , Xn. are distinct is 


S Mm 

(x - Xi)F'(xi ) ' 

i~l *■ 

34. Let r be a root of a polynomial f(x) with distinct roots, and let 
P(x) = f' ' (r) ' (x Z -" T ) * ^how tiiat the remain der of the division of [P(x)] 2 
by/(x) is P(x). 

36. Let A(x) ® a(x ~ aO • • * {x — a n ) and 

B(x) * b(x - ft) * • • (x- frn), x 

(ab 9 * 0) be two relatively prime polynomials, each having distinct roots. 
Define 

p( x \ .= 'V' M%) 

V ; £f(x ~ 
i=x 

m 

q( x \ _ B( x ) 

t=i 

Prove that A(x)G(x) -f- B(x)F(x) — 1. 

36. Let /i (x) t * * • jfkix) be non-constant polynomials in a field R 1 each 
prime to every other. Let/(x) be their product and 

= /(*)//<(*), (t « 1, • • • , Jc). 

Prove that unique polynomials Fi(aO, • * • , F k (x) in R exist whose de- 
grees are less than those of fi(x), • • • , f k (x) respectively such that 

gi(x)Fi(x) 4- • * • + 9k(x)F k (x) « l. 

37. Show that if F(s) *» (a; — a? a ) * * *. ( x — x n ) i where x h x n 

are distinct, then 


-y 1 „ F"(x i ) _ 

ZjXi - Xj 2 F'(Xi) 

j-i 

• j>«£ 

38. Show that the unique polynomial /(x) of degree ^ 2n — 1 which 
satisfies the conditions 

f(xi) = 2/i, ffe) = y/, (i = 1, * * * , n), 
where the x J s, the y J s and the y n s are given and the x”s are distinct, is 
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where F(z) = (x — Xi) * * • (x — a; n ) and 


A(x) = 2 

1=1 




39 . Construct a polynomial f(x) of lowest possible degree such that the 
curve y = f(x) passes through the points (0, 5) and (1, 3) and has the 
slopes —3 and 1 respectively at these points. 

40 . Construct a polynomial f(x) of lowest possible degree such that the 
Curve y = f{x) passes through the points ( — 1, 12), (0, 4), and (1, 8) and 
has a horizontal tangent line at each of these points. 

41 . Construct a polynomial of lowest possible degree which yields the 
remainders — bx 2 + 2x — 8 and 23a; + 16 when divided by x 3 — x and 
a; 2 — 4 respectively. 

42 . Construct a primary polynomial of lowest possible degree which 

yields the remainders 9x — 7 and 9a; — 6 when divided by a; 2 + x — 3 
and a; 2 + 2x — 1 respectively. Ans. x 4 + 2x 3 — 3s 2 + 5a; — 4. 

43 . Let C ) t be the kth elementary symmetric function of n positive 
numbers. Prove that 


(a) cr'io ^ cnvjc-ilk, (b) a** < af/kl. 


44 . Show that if f(x) — /( 1 — a;), where f(x) is a polynomial, there 
exists a polynomial F(x) such that f(x) ~ F(x — x 2 ); and conversely. 

45 . Show that 


x(x + l)(s + 2) 


1 

(a; + n) x 


Cl + G) 

x + 1 ~ x + 2 


, (-i) B 

X + 71 


46 . Prove that a non-constant polynomial j{x) in a field R is not a 
periodic function; that is, there exists no element h 0 of R such that 
f(x + k) * f(x). 

47. Prove that a polynomial which is irreducible in a field R cannot 
have two distinct roots whose difference is an element of R. 

48 . Show that if F(x) = (x — x x ) * • * (x - Xn) is a polynomial of 
degree n > 2 with distinct roots, then 


>(*») °‘ 

[Use Ex. 4 (b), p. 58.] 

49. Show that if f(x) is a polynomial of degree n in a field R, every 
polynomial in R of degree ^ n may be written uniquely in the form 

Cof(x) + cj\x) + + 


where the c’s are elements of R. 
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60. Let A Or) and B(x) be polynomials of degree n. Show that 

A(x)B w (*) - A'{x)B^ l \x) + A"{x)B^\x) (-l)"A w (*)B(x) 

is a constant. [Show that its derivative is 0.] 

61. Construct the equation whose roots are 

2(cos 30 — cos 0), 2(cos 6 — cos 20), 2(cos 20 — cos 30), 
where 0 = 27r/7. Ans. x z ■— 7x 4 7 = 0. 

62. Show that if R(^Ia) and R(^b) are quadratic fields relative to R, 
then 

j?(Vu, V&) = R(^a + V&) = R(^a — VZ>), {a p* ft). 

63. Show that if a polynomial /(rr) is irreducible in R but|s reducible in 
each of the distinct relative quadratic fields R(^a) and i R(V&), then 

/(x) — cP{x, Va 4 V b)P(x , Va — V b)P(x , — Va 4 ^b)P(x, — Va — V&), 

where c is an element of 7? and P(3, y) is a polynomial with coefficients in R . 
[Use Theorem 8, p. 129.] 

64. Show that a polynomial in a fieldjK which is reducible in each of the 
distinct relative quadratic fields R(yla) and R(^b) is also reducible in 
fl(Vab). 

3 j_ ^ 

56. Solve the equation x 3 — 3x H = 0 by the Cardan for- 

mulas and reduce the roots to the form 

Xl = 2 _i (cos 15° 4 i sin 15°) 4 2 J (cos 15° — i sin 15°), 
x 2 - — 2” s (cos 45° — i sin 45°) — 2* (cos 45° 4* i sin 45°), ... 
s 3 = — 2~“(cos 75° 4 i sin 75°) - 2*(cos 75° - i sin 75°). 

66. Show that | (9 =*= V33) are double roots of the equation 

(x — 2a) (2x 4a)(^4 6a) (2x — 3a) — 4ax(3x — 4a) (4x — 9a) = 0. 

(N ouvelles Annales de Math . (1917), p. 38.) 

67. Show that the equation 

128(x - a)* 4 432a(x - b)(x - a) 4 - 729a 3 (x - 6) 3 - 0 
has two double roots. (N ouvelles Annales de Math . (1906), p. 275.) 

68. Show that if a is a root of the equation 

x 3 - 3 4 30 - l)x 4 1 = 0, 
then 1/(1 — a) and 1 — 1/a are also roots. 

69. Show that the sum of the square roots of the roots of the quadratic 
equation OqX 2 4 a& 4 a* — 0 satisfies the equation ( 

(aoy 2 4 Ci) 2 - 4ooa 2 - 0. 

What are the other roots of this equation? 
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60. Show that 

^1 + + >/l - §Vf i. 

The indicated cube roots are understood to be real. ( Matkesis , (1907), 
p. 277.) 

61. Solve the simultaneous equations 

x z 4- 2/ 3 == — 4a 3 , 


(. McUhesis (1908), p. 229.) 

62. Find the lengths of the edges of two cubes if the sum of the areas of 
their faces is 38 sq. ft. and the sum of their volumes is 15 cu. ft. 


63. Find the sum of the products of the integers 1,2, • * * , n taken two 

at a time. Ans. i n{n — l)(n + l)(3n + 2). 

64. Find the sum of the products of the integers 1, 3, • * * , 2n — 1 
taken two at a time. 

65. Show that if A (a:) and B(x) are relatively prime polynomials of 
degree 3: 1, with integral coefficients, there exists only a finite number of 
integers k (possibly none) such that the integer A(k) is divisible by the 
integer B(k ). 

66. Let A(x) and B(x) be polynomials with integral coefficients. Show 

that if A(k)/B(k) is an integer for every integer k : then the polynomial 
A (x) is divisible by the polynomial B (x ) . / 

67. Show that if A(x) and B(x) are relatively prime polynomials of 
degree > 1, with integral coefficients, the g.c.d. of the integers 

A® and B{k), (k = 0, =*=1, =*=2, * * * ) 

can assume only a finite number of distinct values. 

68. A rectangular box has a volume of 14 cu. in. If each edge were in- 

creased by 1 in., the volume of the box would be 42 cu. in. If each edge 
were decreased by 1 in., the volume would be 2 cu. in. Find the dimen- 
sions of the box. Ans . 2, 3 =*= V2 in. 

69. Determine all integers t such that the equation 

x 4 — Zx z + te 2 — 4z-M — 1 = 0 

has a rational root. Ans. t — 1. 

70. For what values of t does the quadric surface 

. i 

t + 4 ' * + 5 *4-8 

pass through the point (1, 1, —1) ? Ans. t — —2, —6 =*= >/2. 
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71. Determine x and y SO: that 

-4x 4 13y 4 5, 62; - 10 y 4 4, 2x 4 Sy - 2 

are proportional to 

y + 1, *4-1, x + V 

respectively. Ans.x — Z,y = l;x = —f, y = — \',x - 3, y ~ —5. 

72. Show that the equation x 3 — tx — t = 0 has three distinct rational 
roots if, and only if, a rational number r exists such that 

. (3r*4-l) 3 . 

4r 2 (r 2 - l) 2 ’ 

and that when this condition is satisfied the three roots are 

3r 2 4 1 3r 2 4 1 

r 2 — 1 1 2 r(r =*= 1) 

73. Show that the polynomial x n 4- ox 6 4 1 is expressible as the 
product of two polynomials of degree 6 with rational coefficients if, and 
only if, a = r 4- r“\ a = 2 — r 2 , or a — —2 — r 2 , where r is a rational 
number; and determine the factors in each case. (American Mathematical 
Monthly , (1936), p. 501.) 

74. For what integral values of A is the polynomial x 8 -f Nx A 4 1 
reducible in 22(1)? (American Mathematical Monthly, (1935), p. 517.) 

75. Show that if p is a prime number, the polynomial 

(p - l)x p " 2 +(v~ 2)x p ~~ 3 4- • • • + 2* + 1 . 

is irreducible in 22 (1) . 

76. Show that the polynomial 

A 0 (y)x n 4 A^x*" 1 4- * • * 4- A n -i(y)x 4- A n (y) 

with coefficients in R(y), where y is a variable, is irreducible in R(y) if a 
polynomial P(y), irreducible in 22, exists which is a divisor of A x (y), • • * , 
A n fe) but not of Ao(y), while [P(y)] 2 is not a divisor of A n (y). Illustrate. 
[Compare with Theorem 5, p. 66.] 

77. Isolate the real roots of the equation 

x n — x 2 4 x — 2 - 0, (n > 3). 

78. Show that the equation 

x n 4 nax 4-5 = 0, (ft even) 

with real coefficients has exactly two distinct real roots, one double root or 
no real roots according as 

0 n r l) n_1 a n - 6* 1 ” 1 
is positive, zero, or negative. 
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79. Show that the equation Zx n — (x 4 1)* — 1 = 0 has a real root 
between nj 2 and n. 

80. Solve the equation 7 X 4 8 X = 9*. Ans. x ~ 3.9414 .... 

81. Show that if a and b are positive numbers the equation a x 4 6* = 1 
has 

(a) no real root if one of the numbers a and 5 is < 1 and the other is 

> 1 . 

(b) exactly one real root if a and b are both < 1 or both > 1. 

82. Show that if a , b, and c are positive numbers the equation a x 4 If 
— c has at most two real roots. 

83. Show that t may be chosen sufficiently large so that the equation ' 

x 4 - (2 1 4 l)x 2 4 t* 4 t - 1 * 0 

has two roots whose difference is numerically less than any preassigned 
positive number. 

84. The equations of the tangent line to the twisted cubic 


are 


x = t y y ~ t 2 , z = t z 

x - t = y - t* = z - t z 
1 21 3* 2 


Find the equation of the surface generated by these tangent lines. 

Ans. 4 xH — 3x*y 2 4 4 y 3 — 6 xyz 4 z 2 = 0. 

86. (a) Derive the two-square identity 

(a 2 + b 2 )(c* + d 2 ) - (ac - bd)* 4 (ad 4“ be)* 
from the identity 

(a 4 bi)(c 4 - di) = ac — bd-\- (ad 4 bc)i t ( i = V — 1.) 

(b) Prove that a polynomial f(x) with real coefficients which is 
> 0 for every real x is expressible as the sum of the squares of two poly- 
nomials with real coefficients. 

86 . What is the length of the longest rectangle an inch wide that can be 
placed inside a rectangle 12 inches long by 8 inches wide? 

Ans. 13.52 inches. ( American Mathematical Monthly, (1916), p. 173.) 

87. The roots of the equation 

(1 4 t)z z -14^ = 0 

are, for every real t ^ —1, the vertices of an equilateral triangle in the 
z = x 4 yi -plane. Find the locus of these vertices as t varies through 
all real numbers. Ans. x z 4 y z — 3 x*y — 3 xy 1 — 1. 

88. Find the condition that the curve 

y = Oox 4 4 4aiX 3 4 6a 2 x 2 4 4 a& 4 a 4 , (<*« ** 0) 

be symmetric with respect to a line parallel to the ?y-axis. 

Ans . a Q * — ZatfhQz 4 2a i 3 — 0. 
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89. What, conditions must be satisfied by the coefficients of the cubic 
equation x* — px 2 + qx — r = 0 in order that its roots, considered as 
lengths, shall form a triangle. {American Mathematical Monthly (1925), 
p. 266.) [See p. 45, Ex. 16.] 

90. Show that if all the roots of a polynomial f(z) with real coefficients 
are real and distinct, then 

[/W >/(*)/"(*) 

for every real x. 

91. Let /(a;) be a polynomial in the field of complex numbers and M any 
positive number. Prove that a positive number P exists such that the 
absolute value of every root of the equation f(x) = c exceeds M if | c | > P. 
In other words the absolute value of every root of the equation f(x) — c 
tends to oo as | c | —> oo . 

92. Show that if f{x) is a polynomial of degree > 2 with real coefficients, 
the equation f(x) — c (c real) has at most two real roots when | c | is 
sufficiently large. Illustrate graphically. 

93. Let p be a real root of odd multiplicity of a polynomial F(x) with 
real coefficients. Prove that an interval [a, 6] containing p can be chosen 
so that 

F'(a), F'(x), F'{b), {X9& Py a<x <b) 

have the same sign. Illustrate graphically. 

94. Let F(x) be a polynomial with real coefficients and positive lead- 
ing coefficient. Prove that if a real number c exists such that cF{x) — F f {x) 
^ 0 for every real x, then F(x) has no real root and is positive for every 
zeal x, 

95. Show that the polynomial 

x n 

rc*)-l + * + =j+ +-, 

has no real root if n is even and exactly one real root if n is odd. [Observe 
that F(x) - F'(x) = fj-J 

96. Show that if the polynomial /(:c), of degree n, is > 0 for every real x, 
then the polynomial 

F{x) = /(s) + /'(x) +f'(x) + • * * + /<*)(£) 

is positive for every real x. (A. Hurwitz, Mathematische Annalen (1913), 
p. 173.) 

97. Solve the equation x 4 — 4x 3 4x + 1 = 0 by radicals. Show that 
two of the roots are real and two imaginary, and that the two imaginary 
roots lie on the unit circle. 

98. Show that if a root of a polynomial in the field of complex numbers 
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is on the unit circle, then the absolute value of each coefficient of the 
polynomial is < the sum of the absolute values of the other coefficients. 

99. Let Sk be the sum of the £th powers of the roots of a polynomial f{x) 
in the field of complex numbers. Show that 

ft?) _ fo , £i , ft 

J{x) X X 2 + x z * * * * 

The series converges for every x whose absolute value exceeds the absolute 
values of the roots of fix). 

100. Show that if a satisfies the inequalities 

a > ] Oi/oo |, a > ] fla/ao | , • • * , a > \ a^/a 0 1, 
then the absolute value of each root of the equation 

OoZ n + a,iZ n ~ l -j- • * * + On-lZ + On = 0, (flo 5* 0) 
is < a + 1. 

101. Show that if M satisfies the inequalities 

M ^ | nai/ao 1, M 'lna 2 /a< i | , * • • , M > | ylnajao [, 
then the absolute value of each root of the equation of Ex. 100 is ^ M. 

102. Show that the equation of Ex. 100 has at least one root whose 

-k i 

absolute value is ^ (o<Afcrt« 0; 0 < Jc <n). 

103. Let f(z) be a polynomial of degree n in the field of complex numbers 
and X an arbitrary complex number. Show that a circle of radius | X | 
whose center is a root of the equation nf(z) — X/'(z) = 0 includes at least 
one root of /(z). 

104. Let/(z) be a polynomial of degree n in the field of complex numbers, 

and let a be a root of /(z) nearest a given point z. Prove that | z — a | 
^ n\f(z)/f'(z) |. _ % 

105. Let/(z) be a polynomial of degree n in the field of complex numbers 
having distinct roots z h • • • , Zn. Show that if 

0 <M<\f'(z k )\, <*« 

then | z — a ] ^ n | /(z) 1 /M, where a is a root of /(z) nearest a given 
point z. 

106. Let/(z) be a primary polynomial of degree n in the field of complex 
numbers. Show that if a is a root of /(z) nearest a given point z and ft a 
root farthest from z, then 

107. Show that if r h r 2 , * * ♦ , r n are positive numbers, all the roots of 
the equation 

(z + ri)(z + r 2 ) * * * (z + r n ) « X(s — n)(z — * • * (z — r w ), | X [ = 1, 

are on the axis of pure imaginary numbers. 
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108. Show that if b h • • • , b n are positive numbers, all the roots of the 
equation 

(z - Ox - bli) * • . (z - On — W) = X(» ~ OI + 5il) * * * (z — On + W), 

1X1=1, 

are real. Hereai, • • • , a^ are real numbers. 

109. Show that if the equation 

Oo2« -f a iZ*- 1 + • • • + Cln-lZ + CLn ~ 0 

has real coefficients but no real roots, then the curve 

aex n 4- aiX n ~hy -f- • * * 4 On-ixy^ 1 4- o^y n ~ a 

where a is an arbitrary real number, has no infinite branch. 

110. If a field includes one of two conjugate imaginary numbers, does it 
necessarily include the other? 

111. The equation x 5 4- 4z 4 + 2x 3 — 13r 2 — 19x — 5 = 0 has two 
roots of the form a 4- bi, where a and b are integers. Find them. 

112. Show that if n is a positive integer, there exists a polynomial 
P n (x) of degree n, with integral coefficients, such that 

cos nO = P»(cos0). 

113. Show that cos 1° and sin 1° are algebraic numbers. 

114. Show that it is impossible, with ruler and compasses, to construct 
a triangle, given the perimeter and the radii of the inscribed and circum- 
scribed circles. {American Mathematical Monthly (1924), p. 502.) 

115. Show that it is impossible, with ruler and compasses, to draw a line 
through a given point intersecting a given line and a given circle so -that 
the part of the line between the given point and the given line equals the 
part within the circle. {American Mathematical Monthly (1925), p. 482; 
(1926), p. 106.) 
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